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INSTRUCTIONS

Attempt all questions.
Calculators are not permitted.
Questions are not necessarily of eqnal value.

This exam comprises the cover awd 1 page of G questions.



Final Examination April 2003 Math-2658B
1. Is it possible to solve the system
;L'y2+:cu+y’02 =3

wly + 2z — uiv? =2,

for (u,v) as functions of (z,y) near {z,y,u,v) = (1,1,1,1)7 If so compute the determinant
of the Jacobian O(u,v)/0(x,y) at this point.

2. Assume that o and b arc fixed positive numbers. Find the extreme values of x + y subject to
y a2
the constraint, %; + ¥ =1

3. (a) Determinc whether the vector field
F =sinyzi+ (rzcosyz +expz)j + (zycosyz + yexp z)k

is conservative. If ¥ is conservative find a scalar field ¢ such that F = V. FEvaluaie
jan - dr where 7 is the curve starting from (0,0,0) and ending at (1,1, 1) satisfying
=yt =2

(b) Do the same in the case where
F = xyzi + v% + 222k

4. {a) The coordinates (Z, %) of the centroid of a plane region D are given by

1 1
J:=A//I;:Edmd?, g—ZfLydﬂ:dy,

where A is the area of D). Use Green’s Theorem to obtain the equivalent formulac

rF=— x* dy, 7§ = 2 da.

24 Jop 24 Jop

(b) Usc the above to find the centroid of the semicircular region D whose boundary comprises
the semi-circular arc given by

r=acost, y=asini, tel—n/2,7/2],
and the piece of the y-axis belween —a and a.
5. Show that
V-(¢F) =V -F+ V- F.

Show that if ¢ = f(|r|) then Vi = f'{|r|)t (where r = 21 + yj + zk, and 7 is the unit vector
in the direction of r).

Find V - (|r|*r) where & is a constant.

6. (a) Evaluate / / V x F-ndS where F = yi + j + zyzk, and ¥ is that part of the sphere
T
%+ y% + 2% = 1 such that z < 1/4/2 and n is the outward pointing normal.

(b) Find the flux of the vector ficld F = zyzi + y?j + 222k out of the cube 0 € z,y,2 < L.

(¢) Find the flux of the vector field F = V (% out of the sphere centered al
2 {y—1)2 422
(0,0,0) with radius 2.

[Note that you may assume Gauss’ Law provided you verify the hypotheses which allow
it to be derived from the Divergence Theorem.]



