Final Examination December 17, 1999 189-314A

1. Consider the function f(z,y) =1+ e®siny + e Y cosz

(a) Using differentials (i.e. the Taylor expansion of (f(0+4h,0+k) up to degree one) estimate
£(0.01, —0.02).

(b) Use the Lagrange form of the remainder (second degree terms) to estimate the error in
using differentials to approximate f(0.01,—0.02) as in the first part of this question.

2. (a) With the aid of differentiation under the integral sign (or otherwise) evaluate

00 sinzx
/ e dz fora > 0
0 T

You may assume that [;°e % sinzdz = 1/(a® + 1).
(b) Now show that [;° 224z = /2.

3. The following equations define x and y implicitly as functions of v and v
nearz=1,y=-l,u=0,v=1

?ut+y?vi+tuw = 1
vy —zy+0? = 1

At this choice of values of the variables compute

Or Oz
ou  Ov
9y oy
ou Ov

4. Using Lagrange Multipliers, find the extrema of
G(z,y) = x? + 4y® + 162? subject to zy =1
Now, if possible, classify them.

5. With the aid of a change of variables, find the area of the region in the z,y plane bounded
by the parabolas
y =222,y = 422,z = 3y?, . = 5y

6. Let C be the circle of radius € > 0 centered at the origin (i.e. 22+ y? = €?) and ' any
simple closed curve which is piecewise smooth and encloses a region D which is connected
and simply connected.

(a) compute the line integral f() m2_-|-yy2 dr + >dy where C is traversed in the positive

direction.

x2+y

(b) Hence or otherwise show that

i. if the origin is in the interior of D, then ¢, =% T d$+w2+y dy = $o == o d$+w2+y dy.

ii. if the origin lies outside the region D (and the origin is not on I' either), then

fr 2+y2dl‘+—2—“ y dy:O

7. (a) State Gauss’ theorem.

(b) Let V be the solid tetrahedron in the first octant bounded by the co-ordinate planes and
by the plane 3z 4+ 4y + z = 12 and let S be its boundary. Let F be the vector valued
function F(z,y,z) = 2zi — 3yj + 6zk. Verify Gauss’ theorem for this function F and
region V by

i. evaluating the appropriate surface integral,

1. evaluatine the approoriate volume inteeral
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