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McGill University
Department of Electrical and Computer  Engineering
Course: ECSE-323 Digital Systems Design



Winter 2008
Assignment #4
(with solutions)

TOPIC: Combinational Circuit Synthesis
PART I.-CLASSIC TWO-LEVEL CIRCUIT SYNTHESIS (Review Chapters 2 and 4)

1.-
A logic circuit is to be designed having four inputs A,B,C,D and one output Z. Z is to assume the value  1 when the value of A B C D contains 3 or more  0’s, and is to assume the value 0 when the number of 0’s in the value of ABCD is less than 3.
Find the minimal cost two-level, NAND-NAND circuit, realizing  the function  Z .

____________________________________________________________________________

ANSWER
                                                                       

	A  B  C  D
	Z

	0   0   0  0
	1

	0   0   0  1
	1

	0   0   1  0
	1

	0   0   1  1
	0

	0   1   0  0
	1

	0   1   0  1
	0

	0   1   1  0
	0

	0   1   1  1
	0

	1   0   0  0
	1

	1   0   0  1
	0

	1   0   1  0
	0

	1   0   1  1
	0

	1   1   0  0
	0

	1   1   0  1
	0

	1   1   1  0
	0

	1   1   1  1
	0


                      Continues on next page----------(
	     AB

CD
	00
	01
	11
	10

	00
	1
	1
	0
	1

	01
	1
	0
	0
	0

	11
	0
	0
	0
	0

	10
	1
	0
	0
	0


Zmin = (A(C(D  + (B(C(D  + (A (B (D  + (A (B (C 
 
[image: image1.emf]B

C

D

A

Z


____________________________________________________________________________
2.- 
Design a  4-bit code converter that receives binary input code  ABCD and produces Excess-3 Binary output code XYWZ. Draw the converter circuit using AND, OR, NOT gates.
Hint: Excess-3 binary code is equal to Binary code + 3. Example: binary code 0001 converts into Excess-3 binary code 0100, Binary code 1111 coverts into Excess-3 binary 0010.  

_________________________________________________________________________

ANSWER
	     AB

CD
	00
	01
	11
	10

	00
	0
	0
	1
	1

	01
	0
	1
	0
	1

	11
	0
	1
	0
	1

	10
	0
	1
	0
	1


INPUTS
OUTPUTS

A  B  C  D  
X  Y  Z  W




0   0   0   0    
0   0   1   1




0   0   0   1    
0   1   0   0




0   0   1   0    
0   1   0   1





0   0   1   1    
0   1   1   0



 
0   1   0   0    
0   1   1   1

0   1   0   1    
1   0   0   0                        
   X =  A(B  +  A(C(D  + (A B D +(A B C
0   1   1   0    
1   0   0   1
                               =   A(B  +  A(C(D  + (A B( D + C)
0   1   1   1    
1   0   1   0
 
	     AB

CD
	00
	01
	11
	10

	00
	0
	1
	1
	0

	01
	1
	0
	0
	1

	11
	1
	0
	0
	1

	10
	1
	0
	0
	1


1   0   0   0    
1   0   1   1
 
1   0   0   1    
1   1   0   0

1   0   1   0    
1   1   0   1
1   0   1   1    
1   1   1   0



 
1   1   0   0    
1   1   1   1


1   1   0   1    
0   0   0   0

1   1   1   0    
0   0   0   1
1   1   1   1
0   0   1   0                               Y  =  B(C(D +(B C + (B D = B(C(D +(B(C+D).

	     AB

CD
	00
	01
	11
	10

	00
	1
	1
	1
	1

	01
	0
	0
	0
	0

	11
	1
	1
	1
	1

	10
	0
	0
	0
	0

	     AB

CD
	00
	01
	11
	10

	00
	1
	1
	1
	1

	01
	0
	0
	0
	0

	11
	0
	0
	0
	0

	10
	1
	1
	1
	1



Z =  (C(D  + C D                                                          

                                                                                          W =  (D
The corresponding circuits are shown on next page. Note that  (D+C) can be shared among  X and Y.
X  =    A(B  +  A(C(D  + (A B( D + C)

Y  =    B(C(D +(B(C+D).
Z =  (C(D  + C D

W =  (D
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PART II.- MULTI-LEVEL-CIRCUIT SYNTHESIS (Section 4.6 pages 185 to 196 of textbook):

Factorization (Section 4.6.1)/Decomposition (Section 4.6.2)

3.-
Consider the function  Zmin = (A(C(D  + (B(C(D  + (A (B (D  + (A (B (C 

obtained in Problem 1 above. Factor the function in such a manner that it can realized with only 2-input NAND gates
____________________________________________________________________________
ANSWER:

The function  Zmin can be factored thus 
Z =  (C(D  ((A  + (B )  +  (A (B ((D +(C )

The multi-level circuit producing  Z using 2-input AND and 2-input OR gates is shown below
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Replacing each OR and AND gate by its NAND equivalent, and canceling two inverters in the same interconnection we obtain the following circuits

[image: image4.emf]B

C

D

A

Z

NAND



[image: image5.emf]B

C

D

A

Z


4.- Given the function 
F(A,B,C,D,E,F) = ABDE + ABDF + ABEF + ACDE + ACDF + ACEF + BCDE + BCDF+BCEF decompose it in such a way that it can be produced with a network having  three equal building blocks M (x,y,z), where  M realizes the function M(x,y,z) = xy + xz + zy.

_____________________________________________________________________________

ANSWER

F(A,B,C,D,E,F) can be decomposed in the product of two functions thus

F(A,B,C,D,E,F) = (AB + AC + BC)(DE + DF + EF)

If  in  M(x, y, z) we make  z = 0, then M(x,y,0) = xy , which can be used to produce the AND operator of the two product function in  F. The products can be generated  with the input assignment M(A,B,C) and M(D,E,F) respectively. The network producing F and using only M building blocks is shown on next page
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 __________________________________________________________________________
PART III.- CIRCUIT SYNTHESIS USING BUILDING BLOCKS:
Sharing (Multiple-output circuits:  Section 4.5  page 182 of textbook)

5.-
A serial binary adder of any size can be produced by connecting in cascade full-adder circuits, called cells or building blocks,  in such a way that one of the outputs (the carry-out) of  one cell is one of  the inputs (the carry-in) of the next cell. In general, the first and last cells of the cascade may have to be treated in a special way. In this case, the first adder cell of the cascade can be a half-adder circuit or a full-adder circuit with carry-input equal to 0. The resulting circuit uses only one type of  building block. 


Using the same principle, produce the circuit of  the building block or cell corresponding to a 4 bit odd parity detector circuit that will detect  if the number of 1’s in the input message  A,B,C,D is odd. Produce two versions of such a cell: One using only  NAND gates and the other one using only NOR gates. Give the configuration of the first and last cell of the cascade.
ANSWER:

The cascade of identical cells is represented below

The  ith cell, schematicly represented as follows,

[image: image7.emf]Y(i+1)
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can be in the one of two different states, either Y(i) = 1, meaning that the inputs to the right of the ith cell has an odd number of  1’s or  Y(i) = 0, meaning that the inputs to the right of the ith cell has an even number of  1’s. Now  the truth table of Y(i+1) is

	I(i)   Y(i)
	Y(i+1)

	0      0
	0

	0      1
	1

	1      0
	1

	1      1
	0


which gives  Y(i) = I(i) ( Y(i) corresponding to the circuit

[image: image8.emf]I(i)
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The last cell of the cascade is the same as the ith cell. The first cell (most right cell) has Y(i) = 0.

PART IV.- MUX’S (Section 6.1, pages 316-328)
6.- Consider the function  Z   = (A(C(D  + (B(C(D  + (A (B (D  + (A (B (C 

obtained in Problem 1 above. Produce a circuit using only a minimum number of 4x1 multiplexers and assuming that only true variables are available as inputs.
 
_______________________________________________________________________

ANSWER
	     AB

CD
	00
	01
	11
	10

	00
	1
	1
	0
	1

	01
	1
	0
	0
	0

	11
	0
	0
	0
	0

	10
	1
	0
	0
	0
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This circuit uses  3  4x1 multiplexers.
PART V.-LUT’s (Section 3.6.5 pp 107-109, Example 6.8 pp 328 - 329, Example 4.29 pp 236 to 237)

7.- Consider the function  Z   = (A(C(D  + (B(C(D  + (A (B (D  + (A (B (C 

obtained in Problem 1 above. Produce a circuit using only a minimum number of  2-LUTs and assuming that only true variables are available as inputs.

In terms of the number of components used, how does the answer in problem 7 above compare  with the answer obtained here where  2-LUT components are used?
 

___________________________________________________________________________

ANSWER
Z   can be factored thus
Z =  (C(D  ((A  + (B )  +  (A (B ((D +(C )

which is of the form   F =  f1 + f2  with f1 = (C(D  ((A  + (B )   and  f2 =(A (B ((D +(C )
The truth table of   F  is used to program the output LUT (OR function of f1 and f2)

 f1 is of the form  f1 = f11 ( f12  where  f11 = (C(D and  f12 = (A + (B.

Similarly,  f2 = f21 ( f22 where  f21 = (A(B  and f22 = (D +(C

The 2-Lut network is the following
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Can you find a solution using fewer number of 2-LUTs?

This solution uses 7 2-luts. The 4x1 mux solution used  3  muxes.

*************************END OF ASSIGNMEN #4 *********************
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