Sample Midterm Test 2 (mt2s02)

Sample Midterm Test 2 (mt2s02)
Covering Chapters 4-5 and part of Chapter 15 of Fundamentals of Signals &
Systems

Problem 1 (25 marks)

Consider the second-order, lowpass RLC Butterworth filter depicted below. The input voltage is
x(t) and the output voltage is (7).

X0 — I (1)
L C_— R

_I__

The differential equation relating the input and output voltages of this RLC filter is
d’y(0) | L dy(t)

LC +y(t) =x(1).
> R dt Y =x()
(a) [10 marks] Find the frequency response H(j&) =Y(jw)/ X (ja) of the filter. Express it in
the form
: AW,
H(jw) = ;

(@) +2¢w,(j @+ @
Give expressions for the damping ratio ¢ and the undamped natural frequency &, .

Answer:
The frequency response of the filter is

) Y(s 1
H(jop=10) = -
O LeGay + (i@ +
_ ic _ w,
() +7c G+ (o)’ +2¢0,(j 9+ ¢
1 1 JL
Thus, w, = and ¢= = :
Jic ™™ T2 ke T arJC
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(b) [15 marks] The filter has a low-pass Butterworth response with cutoff frequency @, =1

1
radian/s for R = EQ , L=1H,and C =1F. Give the numerical values of the damping ratio

¢ and the undamped natural frequency &, . Compute and sketch the step response of the
system to a 10-Volt step in input voltage, i.e., x(¢) =10u(¢)V .

Answer:
1
=—, @n =1
V2
The frequency response of the Butterworth filter is:
. 1 1
H(jw) =

() +2(jwy+1  (jw+ =i+ s +jf)
The unit step input voltage has the following Fourier transform:

10
X(jw)=—+1071d @

jw

Hence, the Fourier transform of the output voltage is given by:

H(j@) = [1.—0+10ﬂd@j
(ot -jwts+j 5\ Jjw
10 +1071d @

JeXj@wr = ) w4 )
5(-1+7 5(-1—j 10
= 20 ) 10 gy g
JWt =5y JWrgti s Jw
and taking the inverse transform, we get

1

(1) =[(—5 +j5)e T (5 = j5)e " 'jﬁ”}u(t) +10u(?)

1.3 11,3
| Ay j| s iy
=5J2¢ * e'[f /) te (] u(t) +10u(t) =1032¢ & cos(1 +3Tﬂ)u(t) +0u(r) V
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Problem 2 (25 marks)

Consider the following sampling/modulation system.

() y(1) w(t)  z(t) " r(t)y @) x,(f)
—> TH,,(j) »( X >HH1,,(jw) X » 2G,(jw) —»
PO= 28K )= Y sk h) v(1) = cos(31)

o _ w: (W N (W
Where the input signal is the convolution x(¢) = —-sinc| —¢ |[kinc| —¢ | and the spectra of
T

T T
the ideal bandpass filter and the ideal lowpass filters are shown below.
A .
A pr (] CU)
H,(j&) 1
> < -+ W w z +W 55
-Cs s w _CL%-W a%‘ 6()s' a)S
A
Glp (JCU)
>
-W w w

(a) [7 marks] Find and sketch X'(j&), the Fourier transform of the input signal x(#) . For what

2n
range of sampling frequencies W, = 7 is the sampling theorem satisfied for the first

sampler? What is the smallest positive integer M that will ensure that the second sampler
satisfies the sampling theorem?
A
Answer: X(jw)
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The sampling theorem is satisfied for & > 2W for the first sampler. The second sampler

satisfies the sampling theorem if

2
w :THM =Mw, >2(w, +W)

$2

= M>2+K
w

N

and the smallest integer M satisfying this inequality is M=3 such that w, = 3, .

(b) [8 marks] Assume that the sampling theorem is satisfied for the first sampler and pick M to be
the smallest integer that you obtained in (a) in the remaining questions. Sketch the Fourier
transforms Y(j&), W(j&)and Z(jw).

-------

Answer:
A
Y(je)
1T
203 —Gk -W w s 20y 3a
A
w(ja)
1
t3 S &
~w-W W w-W " wtW
A
2(jw)
3T
20| |-@ @ | |2a] 3a |4a >
—-W —a+W W wtW ' w
4
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(c) [5 marks] Sketch the Fourier transforms R(ja), S(j&) and X, (j@) .

Answer:

A
R(jw)

—Uk —wtW wsW s i)

The modulation with a cosine signal makes two copies of R(j&), one around ¢ and on
around —¢ , which reconstructs the spectrum around & = 0:

A
S(jw)
1/2
_2% 2o +W -W w ZQ-WZC{% w
* X (w
1
>
-w w w

(d) [5 marks] Using Parseval's relation (see appended Table), find the total energy of the error
signal e(t):= x(t) —x, () defined as the difference between the input signal x(¢) and the

"reconstructed" output signal x, ().
Answer:

1 o
Total energy of the error signal is Energy = Y I |E(ja))|2 dw=0
ﬂ—oo

where the Fourier transform of the error signalis E£(jw) = X(jw) - X, (j o) =0
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Problem 3 (20 marks)

The following circuit with two Zener diodes is an ideal clamping circuit.

The input voltage is
v, () =tu(t +2) —tu(t =2) Volts,

v, (1), 1<y, (1) <1
and the output voltage is v(7) = L v, ()21
-1, v, (1)s-1

V=1V
wo OO

(a) [8 marks] Sketch the input voltage v, (¢) and the output voltage v(?).

Answer:
Input and output voltage:

2| v, (1)

v

_‘_____
N
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(b) [12 marks] Compute the Fourier transform V' (j&) of the output voltage v(z). Show that it is
purely imaginary and odd.

Answer:

V(jw)= IV(f)e_'/Mdt = j -4 dt +I€_'/wdt +J‘te—jwdt
bt A 1 )
(e +e [ DS R R
:J.(—ejw’ +e_jw)dt +_.|:te—jw:| - oo
1 -jw L —jw?
= _ZJI sin(ar)dt +&—— ¢ - 1 : [e‘f” ]l
! —Jjw (—jw) -1

—jw jw

2jcosw e’ —e
+

W
2jcosw wy sin( @)

w s

= 2—][cos(a)t)]12 +
w

= ﬁ[cos(2a)) = cos( ab] +
w

_2jcos(2w) 5 .sin W
w s

i ( 2cos(2w) 5 sin a)J ‘

The FT is purely imaginary: V' (jw) = pE

OR
Itis also odd as

Vi-jo) :j(2cos_(a—)2w) _2sinc(0:abj :j(Zco_sga) +2sir;()2&)j _ _j(2cosc(02 2] _2sincf} @’j = ¥(jw)

Problem 4 (30 marks)

(@) [15 marks] Consider the periodic signal x(¢) depicted below. Give a mathematical
expression for x() . Find its fundamental frequency @j),. Compute its Fourier series
coefficients a, . Express x(t) as a Fourier series.

A

x(t)

65 4 -3 4 - 12 3 4 5 6 7 |8 ¢
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Answer:
This signal can be written as:

x(1) = zm [ut +1=5m) =2u(t =1 =5m) +u(t -3 ~5m)

2
Its fundamental period and frequency are 7' =5, @), = ? The average value over one period

is given by: a, ——J‘x(t)dt ——(2 —2) =0. The FS coefficients a, for k # 0 are given by
-1

a, = %.[x(t)e_j ? dt

T

L2 _-Lﬂt
-1 e’det——j "
59

21 2 o2 L2
I A

jk2mr jk2m

N GEY SEY
2mr 2 e / e 5 —ej
Jk— —jk—

e 5 —e 5

jk2m jk2m

sin(k2—n) sin (k—) _pdm sin(k—rs
= S e s Z(l —-e J—

ki kn

The Fourier series representation of x(¢) is

sin(k 270

K=z - 5 e
x(t)=2ake S o= l-e ° |———¢ 3

k=—o0 fR— ki

(b) [5 marks] Find the coefficients B, , C, of the real form of the Fourier series of x(¢):

x(t) = ay +2 [ B, cos(kw,t) =C, sin(k wyt)]
k=1
Answer:
It is easy to show that
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B, :Re{ak}, C, =Im{ak},k =1, thus

. 21T

A sm(k?)

B, =Req|l-e ° | ————
ki

2
sin(k —)
= —5(1 —cos(k%-[)j

kmr

o sin( 2Ty
km

C,=Im (l—e >

sin(k 27 i
= 9 sin(k 5
kmr 5

(c) [10 marks] Suppose that x(z) is the input to an LTI system with impulse response /(¢) as
shown below:

h(t) =e'u(—t) 1 y(f)

Calculate the output y(¢) and the power in its fifth harmonic components.

Answer:
The frequency response of the system is given by:

+00 0
_ . 1 . 0
H(jw)= | h(t)e™dt = | "7/ dt =——| "7/
=] [ Ty
1 1

=— 1_0] =

1-jw l-jw
then we obtain the Fourier series coefficients of the output:

- sin(kzsﬂ) yin
d, =H(j s )a, = l-e ° |, k%0

(1-j 2’57")k7r

R _
d, = H(j0)a, _L_ijo[o] 0

=1
Thus,
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.2
oo W Ny sin(k 5”) e
y(t) = dee > o= z l-e 3 |————¢ 3
k=-00 (1

Power in fifth harmonic components:
5 =|d_5|2 "'|"15|2 =2|"15|2

:2‘(1__j4”) sinm) | _
(1- j2m)5

10



