Sample Midterm Test 2 (mt2s01)

Sample Midterm Test 2 (mt2s01)
Covering Chapters 4-5 and part of Chapter 15 of Fundamentals of Signals &

Systems

Problem 1 (30 marks)

(a) [10 marks] Consider the periodic signal x(¢) depicted below. Give a mathematical expression

for x(¢) . Find its fundamental frequency @), . Compute its Fourier series coefficients a, . Express

x(t) as a Fourier series.

A

x(t)
rd

5 -4 3 -2 -1 1 2 3

Answer:
This signal can be written as:

x(f) = zm e [u(t =5m) —u(t =3 =5m)|

m=—00

21T

Its fundamental period and frequency are 7' =5, @), = ?

The average value over one period is given by:

a :lix(t)dt =lie_’dt = —l[e_’}
Y 59 5

3 1-e”
o5
The FS coefficients a, for k # 0 are given by
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Znt
a, ——Ix(t)e S dt
T
3 o o P
5 L 21T
0 50+ jk—) 0
5
27T, 2T
) l—e_3e_jk?3 ) _e—(3+]k?3)

S5+ jk2mr S+jk2m

The Fourier series representation of x(¢) is

2
-G+ )
Fo jkz—”t 1-e s jkz—”t
x(t) = z ae ° =) ———e
k=—00 k=—co 5 + ]k27T

(b) [5 marks] Compute the total average power of the third harmonic components of x(¢).

Answer:
P3t0t :|a—3|2 +|Cl3|2 :2|a3|2
42 [
=2 L
S5+ jérr

2 o 187y . . 18’
= 1_€3COS— +€6 Sil’l—2
25+ 3677 K 5 j ( 5 )]

-2
25+ 3677
=0.00511

{1 -2¢e7 COS%T +eﬂs}

(c) [15 marks] Suppose that x(#) is the input to an LTI system with impulse response /() as
shown below:

L
x(t) | 1 @ o

Calculate the output y(¢). Compute the total average power in the fundamental component of
¥

Y(t) - d, . What is the ratio of total average power in the fundamental components B, , of the

tot

output signal to its total average power P, ?
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Answer:
To find y(¢), it is best to compute the convolution in the time domain. Note that there is no

overlap on either side of the nonzero part of the period starting at zero. Thus, we can concentrate
on that part of the signal only which will generate one full period of the output signal.

; X, (1) = e [u(t) —u(t -3)]

>
3 t

t h(t) = u(t) —u(t 1)

>
1 t

Let's time-reverse and shift the impulse response. The intervals of interest are:
t <0:nooverlap, so y(t) =0.

0<t<l:overlapfor 0 <7<t

; X, (t) = e [u(t) —u(t =3)]
3 T
t h(t—T)
1
t f

Then

» () :jh(’ ~ )X, (T)dr :je"dr = —eJ;

=(1-¢"
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1<t<3:overlapfor t —1 <7 <t

Then

t

N SR,
-1 -1

=" -e")=(e -1e”
3<t<4:overlapfort—1<7<3

Then
3 3 3
2@ = [ h(t =D)x,(r)dr = [ edr ==

t-1
t-1 t-1

- (el—t _e—3)
t 2 4: no overlap
Then
Yo () =0
Thus

0 t<0
1-¢" 0<r<l1
Vo) =1 (e=De 1<t<3
(e -e?) 3<t<4

0 t=24

and the periodic output signal is

(0= Yt =m5)
To compute the power ratio, we have to compute the total average power in the output signal. A
time domain solution is adopted:
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i
Fo=g Wi od

M

=%i (1€ +e™)dt +(e -1)2je‘2’dt +I(e‘2“*> —2e ) +e‘6)dt}

:%(’ e =2e™) (e -17 (2e™) H 22 4207 wﬁt)j}

:%:(l+e_l 267 —142) +( 2 +D)( 267 4262) o 2% 2e* e Rt 27 3e?)]

(vt -2 (20 w4 2o 42 e 2] et met 20°)]

=§[4 +2¢7 = =3¢ ] =0.5815

The frequency response of the system is given by:

H(jw) = Ih(t)e_mdt = -(i).e_f“’dt = _jLwlie—ij)

=L o]=02e

Jjw Jjw
then we obtain the Fourier series coefficients of the output:
k.- 1-
7T —e —e
d, =H(j a, = , k20
e =HU 5 ) 27Tk 5+ jkam
JEE
5
o la-e® 1-e? | _1-¢”
d, = H(j0)a, =| 1= =
Jw L 5 5

=l

Finally, the power in the fundamental components is given by
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B, =ld.[ +la[ =2|d

2 2
2mr 2, 2 6 8 T
- -6+ S R B
_2‘(1—(3/5) l-e 3 _2‘(1—615 —e 5 +e /5)
‘ 2m | 5+j2m ‘ 4T ‘
J o Jjmr————
5 5
_ 2 or L, 6m ., 8w (.2m 5. 6m 5.8 N
—4772— l_COS? —-e COS? +e COS? + Sln? +e Sll’l? -e Sll’l?
G5y wam
=0.0196[0.5575 +0.9392] =0.0294
and the ratio of powers is ratio = —%. = 0.0294 =0.0506 =5.06%
P 0.5815

o0

Problem 2 (25 marks)

Consider the following system where the sampling frequency is W, = 7 .

x(1) 0 w(t) ~ 2(0) * (1) g(1)
»(x b, (jw) X T H,,(jw) A ’Q+ >
v(t) = cos(w,t) p(t) = k_zoj o(t —kT)
P Hlp2 (]C())

w . w T
The input signal is x(¢) = —s1nc(—(t ——)) ,and @, =2 .
Vs Vs w

(@) [10 marks] Sketch the input signal x(¢). Find and sketch X (j&), the Fourier transform of
the input signal. Assuming that @, , < &, are the cutoff frequencies of the unit-magnitude

ideal bandpass filter H,, (&), find values for the cutoff frequencies such that @,,, — &), is
minimized, and the total average power of w(¢) is maximized. Sketch the Fourier transform

W(jw) of w(t).
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Answer:

A
W x()
T
/\ >
_E —E n 277}\_/47-[
wow wow w t

Fourier transform X (jw) =<¢ > jwf<w

0, |af>w
. 0X(je
X&) (e)
4 A
1 Vs
\ .
W a)>
> _
W W © 4

The cutoff frequencies such that @,,, — &, is minimized, and the total average power of w(?)

is maximized are: @,,, =W, &), =3W .

W (jow)

1/2
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UW(jw)

3W 2w wo 2w ©

(b) [10 marks] Assume that the ideal unit-magnitude lowpass fiIterH,pl (jw) has a cutoff

frequency Wy =W . Find the sampling frequency @, that will allow recovery of the
spectrum of the input signal. Does it meet the requirement of the sampling theorem? Sketch
the spectra Z(jw)and X, (jw). Give an expression for X (jw).

Answer:
The spectrum can be recovered if the sampling frequency is @, =2W (sampling period

T
ZW). This frequency does not satisfy the sampling theorem, but it allows us to bring the

spectrum back around DC.

Z(jw)|
w
T
>
W 2w W w 2W 3w,
0Z(jw)
A
7T__
-] \ IS
‘-3W -2W ‘-W ‘W 2W ‘ w
T™77
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A X, (jw)
1
>
-3W 2W -W w 2W 3W w
N 0X, (jw)
IT__
¢ 4
SBW 2w Ly w 2w 3w w
T =77

Fourier transform of x,(¢) is X,(jw)=X(jaw) ={¢ > jwf<w
0, Jof>w

(c) [5 marks] Assume that the second ideal unit-magnitude lowpass fiIterH,p2 (jw) has a cutoff

frequency w,, = 2W . Sketch the spectrum of the output signal G(jw) and compute its
total energy.

)]
Answer:
>
-3W 2W -W W 2W 3W w
L UGUw)
>
BW 2w Ly wooow 3w w
9
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Total energy in g(#) is computed as:

L ot d e
Ew—zn__[o|G(]a))| dw=0

Problem 3 (10 marks)

FS
Suppose that x(¢) is periodic of period 7" and x(¢) < a, . Prove Parseval's relation:

P= % i (P de =S |a .

k=-o

Answer:

P ——I|x(t)| dt ——J.x(t)x (t)dt _%J‘ i a e z a Ce e gy

T k== m=—c

[

i a, Y. amDJ.ej(k_m)"“dt
m=-c T

—00

~l=
T

=0, k#m
=T, k=m

=7 Y aa’= 2 laf

—00 k=—00

Hl’ﬂ

Problem 4 (15 marks)

The differential equation of a second-order lowpass Butterworth filter has the form:

T4 3 YD s ) = )
(a) [3 marks] What is @), ?
Answer:

It is the cutoff frequency of the filter, for which

1
= T , also called the -3dB cutoff.
2
(b) [6 marks] Find the frequency response of this filter, then compute its magnitude.
Answer:

Frequency response is

10
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L _Y(j) _ «
H,(jw) = =
VT X0~ ey + a2 wr @
_ 1 _ 1
1+(j—w)2 +7\/§jw 1—(i))2 +7\/§j w
@, @ @ @
Magnitude:
1
|Hy(jw)|= T s
.|, 2
\/_1 (—() _ + wf
_ 1
[ w 2_2 20’
\/_1 (T) | "'?C

(c) [6 marks] Design a highpass filter starting with the above Butterworth filter, i.e., give its
frequency response and its differential equation.

Answer:

A highpass filter can be obtained as follows:

W
Hy, (jow)=1-Hy(jw) =1- -
’ (jo) +aN2jw+ @
(jo) + @V2jw
(j) + @2j wt ¢
Differential equation of highpass filter:

d’y(t) dy(ct) _d*x(1) dx(t)
ap T e =TT ran s

Problem 5 (20 marks)

The input signal of the LTI differential system shown below (initially at rest) is
x(t) =u(t +1) —2u(t) +u(t —1) and its corresponding output is

Y(t) = (¢ +Du(t +1) =2tu(t) + “Du(t -1).

x(t) y(t)
—» H(jw) —»

11
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(a) [6 marks] Sketch the input signal x(¢) and the output signal y(¢).

Answer:

A x(0) (1)

1 1

~

(b) [7 marks] Compute the Fourier transform of the output Y (jw).

Answer:

Method 1: (direct)

Y(je) = [ y()e " dt

0 1

= [ +ne7de +[ (1 ~t)e 7 dt
-1 0

1 1
= Il'e_jw(r_l)dl' +I(1 —-T)e“dr (r =1 +1infirstint., 7 =¢ in second int.)
0 0

1
T + (e’ —1)j re”“dr
0

1]
S — —

jo _ 1\ 1
:L.(e_jw—l) +(e—.1) I:te_j(d:ll _J.e—jwrdz-j|
—jw —jw L 0 0
o —1\[ e —
= 1 (e_jw—1)+(e—.l) e’? +(e'—l)}
—jw —jw | Jw
e _ jw _ jw
! @ -1+ e ) ,(2-e e
_Ja) —]a) _(Ja))
— in’
_ b Qcozs(a)) :4s1n (620/2) =sinc? (w/270)
(W) (v

Method 2: convolution of two pulses to get y(t).
The output signal can be represented as the convolution of two pulses of width 0.5:

y(t) =[u(t +0.5) —u(t —0.5)] Qu(t+ 0.5) = u(t - 0.5)]

=(t +Du(t +1) =2tu(t) +(t —Du(t -1)
Thus, its FT is a "sinc" squared:

12
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Y(jw) = (T Ysine* (19 = sine? (&) = 45 (@/2)
i 2 (@)
(c) [7 marks] Compute the Frequency response H (jw) of the system.

Answer:
Noticing that y(¢) is simply the running integral of x(¢), we find that the FR of the system is
. 1
H(jw)=—.
jw

r(jw)

We can also compute the FT of the input and take the ratio H (jw) = —
X(jw)

. Tw, 1., . Tw _;.,
X (jw) = (2T, )sinc(—=)e"’* = (2T, )sinc(——)e ™V
T T

0.5 jw -0.5jw

. w . w
=Sinc(—)e —Simc(—)e
O oY
= 2,sin(P)sine(-Y) = jasine® (-2)
2 27T 277

. w
sinc” (—)
T
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