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Sample Midterm Test 2 (mt2s01) 

Covering Chapters 4-5 and part of Chapter 15 of Fundamentals of Signals & 
Systems 

 
 

Problem 1 (30 marks) 
 
(a) [10 marks] Consider the periodic signal x t( )  depicted below. Give a mathematical expression 

for x t( ) . Find its fundamental frequency 0ω . Compute its Fourier series coefficients ak . Express 
x t( )  as a Fourier series. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Answer: 
This signal can be written as: 

[ ]( 5 )( ) ( 5 ) ( 3 5 )t m
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+∞
− −

=−∞
= − − − −∑  

 

Its fundamental period and frequency are 0
25,
5

T πω= = . 

The average value over one period is given by: 
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The FS coefficients ka  for k ≠ 0  are given by 
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The Fourier series representation of x t( )  is  
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(b) [5 marks] Compute the total average power of the third harmonic components of x t( ) . 

 
Answer: 
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(c) [15 marks] Suppose that x t( )  is the input to an LTI system with impulse response ( )h t  as 
shown below: 
 
 
 
 
 
 
 
 
 
Calculate the output ( )y t . Compute the total average power in the fundamental component of 

( ) ky t d↔
FS

. What is the ratio of total average power in the fundamental components 1totP  of the 

output signal to its total average power P∞ ?  

( )h t
( )x t y t( )1

1
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Answer: 
To find ( )y t , it is best to compute the convolution in the time domain. Note that there is no 
overlap on either side of the nonzero part of the period starting at zero. Thus, we can concentrate 
on that part of the signal only which will generate one full period of the output signal. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Let's time-reverse and shift the impulse response. The intervals of interest are: 
 

0t < : no overlap, so y t( ) = 0 . 
 
0 1t≤ < : overlap for 0 tτ≤ <  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Then  
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1 3t≤ < : overlap for 1t tτ− < <  
 
Then  
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3 4t≤ < : overlap for 1 3t τ− ≤ <  
 
Then  
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4t ≥ : no overlap  
 
Then  

0 ( ) 0y t =  
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and the periodic output signal is 

0( ) ( 5)
m

y t y t m
∞

=−∞

= −∑  

To compute the power ratio, we have to compute the total average power in the output signal. A 
time domain solution is adopted: 
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The frequency response of the system is given by: 

1
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0
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∫ ∫
, 

then we obtain the Fourier series coefficients of the output: 
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Finally, the power in the fundamental components is given by 
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and the ratio of powers is 1 0.0294 0.0506 5.06%
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Problem 2 (25 marks) 

Consider the following system where the sampling frequency is ω π
s T

= 2
.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

The input signal is ( ) sinc ( )W Wx t t
W
π

π π
 = − 
 

, and 0 2Wω = .  

 

(a) [10 marks] Sketch the input signal ( )x t . Find and sketch X j( )ω , the Fourier transform of 

the input signal. Assuming that 1 2bp bpω ω<  are the cutoff frequencies of the unit-magnitude 

ideal bandpass filter ( )bpH jω , find values for the cutoff frequencies such that 2 1bp bpω ω−  is 

minimized, and the total average power of ( )w t  is maximized. Sketch the Fourier transform 
( )W jω  of ( )w t . 

 
 
 
 

x x ( )bpH jω

p t t kT
k

( ) ( )= −
=−∞

+∞

∑δ

x t( ) y t( ) x tr ( )
1 ( )lpT H jω⋅

w t( ) z t( )

0( ) cos( )v t tω=

( )g t

++

2 ( )lpH jω
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Answer: 
 

 

 

 

 

 

 

 

 

 

Fourier transform ,( )
0,

j
We WX j

W

πω
ωω

ω

− <= 
>

 

 

 

 

 

 

 

 

 

 

 

 

 

The cutoff frequencies such that 2 1bp bpω ω−  is minimized, and the total average power of ( )w t  

is maximized are: 1 2, 3bp bpW Wω ω= = . 
 
 
 
 
 
 
 
 
 
 
 
 

t 
2
W
π

W
π−

( )x tW
π

2
W
π−

W
π 4

W
π

W 

-W ω 
−π 

π 

ω W -W 

1 

X j( )ω ∠ X j( )ω

ω W -W 

1/2 

2W -2W -3W 3W 

( )W jω
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(b) [10 marks] Assume that the ideal unit-magnitude lowpass filter 1 ( )lpH jω  has a cutoff 

frequency 1lp Wω = . Find the sampling frequency sω  that will allow recovery of the 
spectrum of the input signal. Does it meet the requirement of the sampling theorem? Sketch 
the spectra Z j( )ω and ( )rX jω . Give an expression for ( )rX jω . 

 
Answer: 
The spectrum can be recovered if the sampling frequency is 2s Wω =  (sampling period 

T
W
π= ). This frequency does not satisfy the sampling theorem, but it allows us to bring the 

spectrum back around DC. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

-W 

-3W ω 

π 

-2W W 2W 
3W 

−π 

( )W jω∠

-W -3W ω 

−π 

π 

-2W W 2W 
3W 

ω W -W 2W -2W -3W 3W 

( )Z jω

( )Z jω∠

W
π
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Fourier transform of ( )rx t  is ,( ) ( )
0,

j
W

r
e WX j X j

W

πω
ωω ω

ω

− <= = 
>

. 

 
(c) [5 marks] Assume that the second ideal unit-magnitude lowpass filter 2 ( )lpH jω  has a cutoff 

frequency 2 2lp Wω = . Sketch the spectrum of the output signal ( )G jω  and compute its 
total energy. 

 
 
Answer: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

-W 
-3W ω 

−π 

π 

-2W W 2W 3W 

ω W -W 2W -2W -3W 3W 

( )rX jω

( )rX jω∠

1

-W 
-3W ω -2W W 2W 3W 

ω W -W 2W -2W -3W 3W 

( )G jω

( )G jω∠
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Total energy in ( )g t  is computed as: 

21 ( ) 0
2

E G j dω ω
π

∞

∞
−∞

= =∫  

 
 

Problem 3 (10 marks) 

Suppose that ( )x t  is periodic of period T  and ( )
S

kx t a↔
F

. Prove Parseval's relation: 

P
T

x t dt a
T

k
k

= =z ∑
=−∞

∞1 2 2( ) . 

 
Answer: 
 

0 0

0

2

( )

0,
,

2

1 1 1( ) ( ) ( )

1

jk t jm t
k m

k mT T T

j k m t
k m

k m T

k m
T k m

k k k
k k

P x t dt x t x t dt a e a e dt
T T T

a a e dt
T

T a a a
T

ω ω

ω

∞ ∞
∗ −∗

=−∞ =−∞

∞ ∞
∗ −

=−∞ =−∞

= ≠
= =

∞ ∞
∗

=−∞ =−∞

= = =

=

= =

∑ ∑∫ ∫ ∫

∑ ∑ ∫

∑ ∑

 

 

Problem 4 (15 marks) 
 
The differential equation of a second-order lowpass Butterworth filter has the form: 

2
2 2

2

( ) ( )2 ( ) ( )c c c
d y t dy t y t x t

dt dt
ω ω ω+ + = . 

(a) [3 marks] What is cω ? 
Answer: 

It is the cutoff frequency of the filter, for which 
1( )
2cH jω = , also called the -3dB cutoff. 

(b) [6 marks] Find the frequency response of this filter, then compute its magnitude. 
 
Answer: 
 
Frequency response is  
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2

2 2

2 2

( )( )
( ) ( ) 2

1 1
2 21 ( ) 1 ( )

c
B

c c

c c c c

Y jH j
X j j j

j j j

ωωω
ω ω ω ω ω

ω ω ω ω
ω ω ω ω

= =
+ +

= =
+ + − +

 

Magnitude: 

| ( )|

( )

( )

( )

H jB

c c

c c

c

ω
ω
ω

ω
ω

ω
ω

ω
ω

ω
ω

=

−
L
NM

O
QP +

=

−
L
NM

O
QP +

=
+

1

1 2

1

1 2

1

1

2
2 2

2

2
2 2

2

4

 

 
(c) [6 marks] Design a highpass filter starting with the above Butterworth filter, i.e., give its 

frequency response and its differential equation. 
 
Answer: 
 
A highpass filter can be obtained as follows: 

 

2

2 2

2

2 2

( ) 1 ( ) 1
( ) 2

( ) 2
( ) 2

c
Bhp B

c c

c

c c

H j H j
j j

j j
j j

ωω ω
ω ω ω ω

ω ω ω
ω ω ω ω

= − = −
+ +

+
=

+ +

 

Differential equation of highpass filter: 
2 2

2
2 2

( ) ( ) ( ) ( )2 ( ) 2c c c
d y t dy ct d x t dx ty t

dt dtdt dt
ω ω ω+ + = +  

Problem 5 (20 marks) 
 
The input signal of the LTI differential system shown below (initially at rest) is  
x t u t u t u t( ) ( ) ( ) ( )= + − + −1 2 1  and its corresponding output is 

( ) ( 1) ( 1) 2 ( ) ( 1) ( 1)y t t u t tu t t u t= + + − + − − . 
 
 
 
 
 
 
 

x t( )
( )H jω

y t( )
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(a) [6 marks] Sketch the input signal x t( )  and the output signal y t( ) .  
 
Answer: 
 
 
 
 
 
 
 
 
 
 
 
(b) [7 marks] Compute the Fourier transform of the output ( )Y jω .  
 
Answer: 
 
Method 1: (direct) 
 

0 1

1 0
1 1

( 1)

0 0
1 1

0 0

1

0

( 1 in first int.,  in second int.)

( ) ( )

(1 ) (1 )

(1 )

( 1)

1 ( 1)( 1)

j t

j t j t

j j

j j j

j
j j t j

t t

Y j y t e dt

t e dt t e dt

e d e d

e d e e d

ee te e
j j

ω

ω ω

ω τ ωτ

ωτ ω ωτ

ω
ω ω ωτ

τ τ

ω

τ τ τ τ

τ τ τ

ω ω

+∞
−

−∞

− −

−

− − −

− −

− − −

= + =

=

= + + −

= + −

= + −

−  = − + − − −

∫

∫ ∫

∫ ∫

∫ ∫
1

0

2

2
2

2 2

1 ( 1) ( 1)( 1)

1 (1 ) (2 )( 1)
( )

2 2cos( ) 4sin ( / 2) sinc ( / 2 )
( ) ( )

j j
j j

j j j
j

d

e ee e
j j j

e e ee
j j j

ω ω
ω ω

ω ω ω
ω

τ

ω ω ω

ω ω ω
ω ω ω π

ω ω

−
− −

− −
−

 
 
 
 − −= − + + − −  

− − −= − + +
− − −

−= = =

∫

 

Method 2: convolution of two pulses to get y(t). 
The output signal can be represented as the convolution of two pulses of width 0.5: 

[ ] [ ]( ) ( 0.5) ( 0.5) ( 0.5) ( 0.5)
( 1) ( 1) 2 ( ) ( 1) ( 1)

y t u t u t u t u t
t u t tu t t u t

= + − − ∗ + − −
= + + − + − −

 

Thus, its FT is a "sinc" squared: 

t 
1 

1 

-1 

-1 
t 

1 

1 

-1 

( )x t
( )y t
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2
2 2 21

1 2

4sin ( / 2)( ) (2 ) sinc ( ) sinc ( )
2 ( )

TY j T ω ω ωω
π π ω

= = =  

 
(c) [7 marks] Compute the Frequency response ( )H jω  of the system.  
 
Answer: 
 
Noticing that ( )y t  is simply the running integral of ( )x t , we find that the FR of the system is 

1( )H j
j

ω
ω

= . 

We can also compute the FT of the input and take the ratio 
( )( )
( )

Y jH j
X j

ωω
ω

= : 

1 11 1
1 1

0.5 0.5

2

( ) (2 )sinc( ) (2 )sinc( )

sinc( ) sinc( )
2 2

2 sin( )sinc( ) sinc ( )
2 2 2

T j T j

j j

T TX j T e T e

e e

j j

ω ω

ω ω

ω ωω
π π

ω ω
π π
ω ω ωω

π π

−

−

= −

= −

= =

 

2

2

sinc ( )( ) 12( )
( ) sinc ( )

2

Y jH j
X j jj

ω
ω πω ωω ωω

π

= = =  

 
 
 
 


