Sample Final Exam Covering Chapters 1-9 (finals00)

Sample Final Exam (finals00)
Covering Chapters 1-9 of Fundamentals of Signals & Systems

Problem 1 (20 marks)

Consider the transfer function:
s? =25 +1

H(s) = .
(<) (0.01s> +0.14/3s +1)(s +2)

(a) [6 marks] Find the poles and zeros of H(s) (specify how many there are at ). Give all possible
regions of convergence of the transfer function H(s) .

Answer:
P =2 z, =1,
Poles are p, = -5\3 +5j = 8.66 +5; Zeros are z, =1
py = =533 =5] = 8.66 =5 zy =00

There are 3 possible ROCs:
ROCT: Refs} < —5+/3 = -8.66
ROC2: =53 <Re{s} < 2
ROC3: Re{s} > -2

(b) [10 marks] Give the region of convergence of H (s) that corresponds to the impulse response of a
stable system, and sketch it on a pole-zero plot. Is the stable system causal? Explain. Compute the
impulse response A(¢) of this stable system and give its Fourier transform H (jw).

Answer:
System is stable for the ROC that contains the j-axis: ROC3.

This system is also causal as ROC3 is an open RHP and the transfer function is rational.

i Alm{s}
: ROC3
R e
s 29 Refs
S 4--{-5

The partial fraction expansion of H(s) yields:
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_ s =25 +1 _ 100(s> —2s +1)
H(s) = =
(0.01s> +0.14/3s +1)(s +2) (s> +104/3s +100)(s +2)
100(s —1)*
T (s +5V3 -5 +5ﬁ +j5)(s +2)
1
=72.58 +]225 2 4+7258-j2252—— +12.976
S+5f - Jj5 s +543 + 5 T st+2
_ 100(s—1) | _ 100(=5v3 =1+5,)> _10(-5v/3 -1 +5,)? 43512 + 113524
(s +5V3 sies (0N +245))  j(-543 +2) =5
B=A4"=43512-135.24
100s-1° | _ 900 900

=12.976

(s +1035+100)|_  (4-2043 +100) 69359

Using the table and simplifying, we find the following impulse response:
ROC Re{s} <-1:
h(f) = (43.512 + j135.24)e "1 (r) +(43.512 = j135.24)e Py (1) +12.976e > u(t)
= 2¢™V" Re{(43.512 + j135.24)e"} u(r) +12.976¢ 7 u(1)
=2(142.07)¢* cos(5¢ +1.2595)u(t) +12.976¢ > u(t)
=284.14¢7 cos(5¢ +1.2595)u(t) +12.976¢ > u(t)
=2¢7[43.512 cos(5¢) —135.24sin(50)Ju(t) +12.976¢ > u(?)
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Fourier transform of A(t) is H(jw):
(jw) —2jw+1
(0.01(jw)* +0.133j w+1)(j w+2)

H(jw) =
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(c) [4 marks] Give the direct form realization (block diagram) of H(s) .

Answer:
'Pl%
sW(s)

L
S

“ | =
—
(e
(-]

>
+ Y@

<<

Problem 2 (5 marks)

True or False?

(a) The Fourier transform X (j&) of the product of a real signal x(¢) and an impulse O(¢ —1) is

real.
Answer: False.

(b) The system defined by y(¢) = x(¢*) is time-invariant.
Answer: False.

(c) The Fourier series coefficients a, of a purely imaginary periodic signal x(¢) have the following

. O
property: a, = —a_, .
Answer: True.

(d) The causal linear discrete-time system defined by y[n —2]+2y[n —1] +y[n] =x[n] is stable.

Answer: False.

j—n
(e) The signal x[n] =e ° is not periodic.
Answer: True.

Problem 3 (15 marks)

Consider the radar system depicted below where the radar's emitting antenna emits a pulse
x(t) = e sin(10°£)u(t) that gets reflected by a boat and is received by the radar's receiving
3
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antenna as x, (1) =0.1¢'""e™"* sin(10°t —=10¢, )u(t —t,). An LTI filter H(jcw) processes x,(t)

to generate another pulse y(f) = (e_m(’_’“) +e_20(t_t°))u(t —t,) that is used to measure the time of

arrival of the received pulse.
A@cm

§ é x, (1) —
()

> H(®) | —» N R

(a) [10 marks] Find the frequency response H (jw) of the filter. Is the filter BIBO stable? Justify your
answer. Write the causal LTI differential equation that would implement this filter.

Answer:
We have X, (jw)H(jw) =Y(j &, where

100e /"

X (jw)=0.1X(jw)e ™ =
L(Jw) (Jw) Gw+100)° +(10°)"

10°
(jw+100)* +(10°)°

X(jw) =

and

Y(jw)=e '™ ( L. j = ( e (2jw+30)

jw+10  jw+20) (jw+l10)(j w+20)
Hence

e/ (2 jow+30)
Y(jw) _ (jw+l0)jw+20) _(2j@+30)|(jw+100)° +(10°) |
X (jw) e/ 100 - 100( j w+10)(j cw+20)
(jow+100)* +(10°)*

This filter is NOT BIBO stable because it is not proper (degree of num>degree of denom.)

H(jw) =

Differential equation:
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2 3 2
100920 4 3000 2D 4 20000y(1) =290 4 4309 XD
dr’ di dr dr’

+2026000

d’;(t ) 430300000x(7)

(b) [5 marks] Knowing that electromagnetic waves propagate at the speed of light ¢ =3 x10® m/s ,
and that 7, =10s , how far is the boat from the radar?

Answer:
The time delay results from the pulse having traveled twice the distance d between the boat and the
radar, thus
ct, 3 ><108 ~ 107 s
=—L= =1500m
2 2

Problem 4 (20 marks)

Consider the causal first-order circuit initially at rest depicted below. It can be used to implement a
first-order lead or lag, depending on the values of its components. Its ideal circuit model with a
voltage-controlled source is also given below.

(a) [8 marks] Transform the ideal circuit using the Laplace transform, and use nodal analysis to find
the transfer function H ,(s) =V, ,(s)/V,, (s). Then, let A — +co to obtain the ideal transfer function

H(S):/}EIEIMHA(S). Note that the second op-amp stage is just an inverter such that

Vour (1) = 7, (1) -

C
o [0

R;

vout (t)

v, (1) = =4, (1)

Answer:
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The transformed circuit is

There are two supernodes for which the nodal voltages are given by the source voltages. The
remaining nodal equation is

V() =Vils) | =AV.(9) =V (s) _

+ 0
R R [
. . : : :
where the notation R1‘E = m denotes the equivalent impedance of the parallel connection of
’ N
11
the resistor and capacitor. Simplifying the above equation, we get:
RCs+1 A+D)(R,C,s +1) RCs +1
1~1 V,~,,(S)_ ( )(2 2 )+ 11 Vx(s)=0
Rl RZ Rl
Thus, the transfer function between the input voltage and the node voltage is given by
V.(s) _ RCs+1
(5) A+DR,
Va®) Rpa+ne, +¢ s +AFDR

2
The transfer function between the input voltage and the output voltage is

(s) _ _=AV,(s) _ A(RGs +1)

-
H — _out
4 (4+DR,

Vi (5) Vi (5)

R[(4+1DC, +C s + +1

2
The ideal transfer function is the limit as the op-amp gain tends to infinity:

R, (RCs+1)

H(s)=lmH =
(s) =lim 7, (s) R (R,Cos +1)

(b) [7 marks] Suppose that the circuit is used as an equalizer in the following communication system
and R, =R, =1kQ. A rectangular pulse is transmitted over an LTI communication channel with

frequency response G(jw) =

1
1 The pulse is distorted at the receiving end of the channel, and
+

you are asked to design (i.e., specify the capacitances C,, C, of the capacitors) a first-order LTI
equalizer that would reshape the pulse. The specification is that the magnitude of the combined
frequency response of the channel and the equalizer |H(ja))G(ja))| must have a DC gain of 0dB

and a -3dB bandwidth of 100 radians/s. Use Bode plots (magnitude only) to guide your designs.
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V,(jw) V,(jow) Vi (JO)
—» G(G(jw) —» H(jw) —»
communication equalizer

channel

Answer:

Bode plot of G(jw) =

and desired H(jw):
Jjw+1

2010g10|H(jaJ)|

(AB)4OMN . _ .

20log,, |G(jw)|

-20dB/dec

The circuit must be a first-order lead with a transfer function of the form

+
H(S):ars 1’
Ts+1

where T =0.01 and @ =100 . Frequency response:

-+
Hj) =2
0.01jw+1
There are two break frequencies for the Bode plot: @} =1, & =100. The DC gain is 0dB. Identifying
1000C;s +1
with the parameters of H (s) = (1000C,s +1) , we find for our design C; =1000uF', C, =10 uF' .
(1000C,s +1)

(c) [5 marks] Compute the response v_(t) of the equalizer circuit to a 1-Volt, 2-second pulse

out

v, (t) =u(t) —u(t —2) transmitted through the communication channel. Compute the energy in the

residual distortion error e(t) :=v, (¢) —v,,(t).
Answer:

1 I b S S B B R
s(0.0ls +1) s(0.0ls+1) |s s+100 s s +100
Taking the inverse transform, we get

Ve (1) = (1= Ju() =(1 =™ Yu(e -2)

the energy in the residual distortion error is given by

7

Vou (8) = H()G(s)V, (5) =
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" e 2 +o00
- _ _ 2 _ 2 .
J.|e(t)|2 di = _H_e 1006 4 =100 Z)u(t _2)‘ dt :J‘e 2001 7, _l_J‘ ‘ezoo —1‘ o2 1y
0 0 2

—00

or 1 ooy
- _%[e 200 ]i _%‘ezoo _1‘2 I:e 200 ]2

_ 1 00 7 b a0 P 400
= 2—00[6 1] %‘e 1‘ [0 e ]
- _L[e—mo _1] +L 1 —6_200‘2
200 200
—L —Le_zoo 10.01
100 100
or using Parseval's relation:
iy rol g | ** (1= cos 2w)* +(sin 2 w)’
j|e(t)|zazt:L et da):ij( )" +(sin2e)
o 2m? |0.01 wtl 27, 0.0001c” +1
1 F2-2cos2w , 177 1-cos2w
= | ———— dow=— I .
277+ 0.00010 +1 m° 0.0001c +1
Problem 5 (10 marks)

The following circuit with a Zener diode is an ideal clamping circuit.

The input voltage is shown below

A
v, (1) =e ! Volts

>,

. Vi (1), v, (1) <1
and the output voltage is v(¢) = { Oz21"
, v.()=2

mn

+

v () O+ V=1V v(t)

[10 marks] Sketch the output voltage v(#) and compute its the Fourier transform V' (j&) .

8
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Answer:
The circuit doesn't saturate!
v(?)
1
} } }
1 1

V(jw) = [ vty dt
_0 . o .

= .[ ee’dt + J- ee”“dt
—00 0

0 +00
- je(l—jw)tdt + J‘ e—(l+jw)tdt
—00 0

_ 1 _ljw[e(1—jw)z J:} _ 1 +lj wl:e—(u_/w)t ];oo

1 1
= +
- jw 1+ jw
_ 2
1+’

Problem 6 (20 marks)

The following circuit has initial conditions on the capacitor v.(0™) and inductor 7, (07).
C
| |

L
. 1 Mb .

v, (1) R R, = v(t)
| -

(a) [4 marks] Transform the circuit using the unilateral Laplace transform.

Answer:
~v,(07) Li, (07)
é —+C>_ Ile .O+ +
+
(s () B R | v
- 3,(s) J,(s) _
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(b) [8 marks] Find the unilateral Laplace transform V(s) of v(¢).

Answer:
Let's use mesh analysis.
For mesh 1:
1 1 _
V(s)=—3,(s) =—v.(07) =R [T, (s) =T, (s)] =0
Cs K
1 1 1
= J =——V(s)+—v (07) +(1 + g
, () R ) () Rlsvt( ) *( RICS) 1 ()
For mesh 2:

R[3,(5) = 9, ()] ~ (R, +Ls)T,(s) +Li, (07) =0

= () =R%(R1 #Ry +L9)T,(5) =0, (0)

1 1

Substituting, we obtain

1 1 1 1 L
J =-——9 +—v (07) +(1+ — (R, +R, +Ls)J. —1i, (0
,(5) R, 1(s) RISVC( ) *( RICS) Rl( 1 2 $)J,(s) R i,(07)
[RlzCS—(l + R Cs)(R, +R, +Ls)]T,(s) = R, CsVY(s) +R,Cv,(07) «(1 +R,Cs)Li, (07)

~[LR,Cs* +(L +R.R,C)s +R, +R,19,(s) = -R,CsV(s) +R,Cv.(07) (1 +R Cs)Li,(0")

Solving for J,(s), we get
R CsU(s) N (I+RCs)Li, (07)—R,Cv.(07)
LRCs* +(L+RR,C)s+R, +R, LRCs*+(L+RR,C)s+R, +R,

J,(s) =

And finally the output voltage is
R R,CsU(s) + (1+RCs)LR,i, (07)—RR,Cv,.(07)

{U(S) = R2‘72 (S) = 2 2
LRCs* +(L+RR,C)s +R, +R, LRCs> +(L +RR,C)s +R, +R,

(c) [8 marks] Draw the Bode plot (magnitude and phase) of the frequency response from the input
voltage VU (j) to the output voltage V(ja). Assume that the initial conditions on the capacitor and
the inductor are 0. Use the numerical values: R, =1Q, R, =1Q, L =0.035425H, C =0.564576 F .
What type of filter is it (lowpass, bandpass or highpass)?

RR,C
H(s) = V(s) _ R R,Cs _ R +R,
Y(s) LRCs'+(L+RR,C)s+R +R, LRC , (L+RRC)
R +R, R +R,

Frequency response:

10
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RRC |
e - R+R,’ _ 0283w
FOTTIRC L (L+RR,C) 0.01(je)* +0.3(j ) +1

I S 'a)
R +R, (&) R *+R,

from which we find @, =10rd/s, { =1.5 and the poles are p, = -15 +104/(1.5)*> -1 = -3.82 and
p, = —15-104/(1.5)*> =1 = 26.18. Gain is -11dB. Bode plot:

(o +1

A
(dB) 20log,,|F(jw) 4

(rgdz)r/; A
77/2 107 100 3.8 10" o 102 103
—————— .- ) >
T w(iog)
w4 + RN

=TT/ _____
—JT/21

This is a bandpass filter.

11
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Problem 7 (10 marks)

Suppose we want to control the level of liquid in a tank that is part of a continuous chemical process.
We can do this by varying the opening of the control valve based on a feedback measurement of the
tank level. The control valve input signal x(¢) is taken to be a delta variation of valve opening from its

nominal opening. The output signal y(?) is the tank level.

x(t): delta valve opening

level sensor
confrol B
vabe |/ y(¢): level
tank

R

The open-loop tank dynamics are modeled by the following nonminimum phase transfer function

x(t) y(t)
—»  G(s) —»

_~(s-2)
() = s(s+1)

(@) [5 marks] Compute and sketch the unit step response y(t) of the tank level for a unit step in delta
valve opening x(t) .

Y(s):_z(s_z): 4 +£+£2
s(s+1) (s+1) s =&

we find

Y(S): 3 +__3+£

(s+1) s s
inverse transform:

y() =3¢ u(t) = 3u(t) +2tu(r)

12
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Plot:

(b) [5 marks] Assume that we can measure the tank level y(t) perfectly. We want to test the
feedback controller K(s) = A(s +@) to control the level. That is, we want the tank level y(¢) to

track the desired level y, ().

Vi) 4 e(?) y(1)
K(s) —» G(s) >

Find the closed-loop transfer function H(s):= Y(s)/Y,,(s) . What is the final value y(+) of the
step response?

Answer:
Closed-loop transfer function:

13
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K(s)G(s)
1+ K(s)G(s)
-A(s +a)(s =2)
s(s+1)
N =A(s +a)(s =2)
s(s+1)
=A(s +a)(s =2)
s(s+1) —A(s +a)(s —=2)
=A(s +a)(s =2)
sS+s—A(s® +(a -2)s —2a)
_ —A(s +a)(s =2)
S (1-M)s* +[1-A@ -2)]s +2A

H(s) =

With controller parameters A =0.5 and a = 3:
=0.5(s +3)(s =2) _ (s +3)(s —2)
0.5s° +0.55 +3 s* +s5 +6
Unit step response: NOT REQUIRED!!!
—_ + —
Y(s) = (s +3)(s —2)

H(s) =

s(s* +5+6)

=£+B(s+0.5)+C\/g
K s*+s5+6

A, Bs+05)+CJ6 @:2.398, 4=1
s J23

s+0.5) +(——
( ) +( : )
—s* +5+6 =(s* +s +6) +Bs(s +0.5) +Cs/6
B=-2,

2 2
0.5(-2) +C\J6 =1 = C=—= = |=
Jo N3

Hence,
y(t) =u(t) -2 cos(\/_ Hu(t) +\/7 o0 sm(\/_ Hu(t)

and the final value is

y(+00) =H(0) =1.

END OF EXAMINATION
14



