Solutions to Assignment 10

10.1 Exercise 13.6 of Boulet’s book;
Compute the mverse z-transform of X(z)= —:D ; (}.2{|z‘{w using the power series
expansion method.
Answer:
2! 7
Xiz)= = . 02 <|z|< oo
@ (1+02:1)  z+02 [ <

Long division yields:

z—02+004z" —0.008"" .

140221z
J z+0.2
-0.2
-0.2-0.04z"
0.04z~
0.04z7 +0.008z7
-0.008z7

Note that the resulting power series converges because the ROC mmplies ‘0.Zz_l| < 1. The signal

15
An]=8[n+1]-028[n]+(0.2)* S[n 11— (0.2 8[n—2] +.

=(—0.2)" u[n +1]
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10.2 Exercise 13.8 of Boulet’s book.

-3 -4
Consider a DLTI system with transfer function H(z) = —— 22

(z—0.8)(z+0.8)
(a) Sketch the pole-zero plot of the system.

Answer:

Hi)= 2'5(1_1—1_22") - z-12
(1-082")(1+0827) =z (z—08)(z+08)

poles at —0.8, 0.8 and 0 (multiplicity 4). zeros at 1.2 and at infinity.

Im{z}

Reiz)

(b) Find the ROC that makes this system stable.

Answar:

For stability. the ROC must include the unit circle. Hence, the ROC is |z| > 0.8, as shown on the

above pole-zero plot.
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ic) Is the system causal with the ROC that vou found n (b)? Justify vour answer.

Answer:

For the system to be causal. we must have lim H(z) < oo, which 1s the case here (=0). Hence. the
I—e

system 15 causal.

{d) Suppose that H(e') is bounded for all frequencies. Find the response of the system )n] to

the mput x{n] = u[n].

Answear:

> 0.8. We have X(z)= o |z|>1. and

This means that the ROC is chosen to be |: ——

27 (1-12z7
(1-08")14+08z"")(1 -z

Y(z)=H(z2)U(z)= ).1«: E

We will treat the time delay later, so let's do a partial fraction expansion of:

(1-12z7) —0.56 1 0.56
1 I Iy Tt Tt 1
(1-08z")1+08z")1-z") 1-z" 1-08z" 1408z

where the ROC of each term 1s taken to be the exterior of a circle of radius equal to the

magnitude of the pole. This gives:

wln] = (0.8Y u[n]+0.36{—0.8)" u[n]— 0.56u[n]

and adding the time delay yields:

y[n]= (0.8 u[n— 5]+ 0.56(—0.8)"" u[n— 5] - 0.56u[n — 3]
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10.3 Exercise 13.10 of Boulet’s book
Also, for the H(z) in this problem, please determine the corresponding difference equation relating the
output y[n] to the input x[n].

Sketch the pole-zero plot and compute the impulse response fA[n] of the stable system with

2000=° +14502% +135z

transfer function: H{z)= > —
(100z" —81)(5z+4)

Specify 1ts ROC. Specify whether the system 1s causal or not.
Answer:

2000=° +145027 +1352
H(z)= -
(100z° —81)(5z +4)

4+29:7 402727 [ > 0.9
= P R
(1+0.8z")14+09z")1-09z7)
™
-3 5 2
= ot ot |
(1+0827) (1+409z7) (1-09z7)
N |0 |4=08 )

The inverse z-transform 15 obtained using Table D.10:

in]==3(-0.8)" u[n]+2(0.9)" uln]+5(-0.9)" uf[n].
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The pole-zero plot 1s shown below.

b
Im{z}

h

Re{:z

i
gt

The system 1s causal since ROC is the outside of a disk, including infinity.

For the H(z), the corresponding difference equation can be derived according to:
Y(z) ~ 2000+14507 7" +135z7°
X(z) 500+400z7 —405272 -3247°°
Y (2)(500 + 400z " — 4052 % —324z7°) = X (2)(2000 +1450z " +135z27?)
Thusthe difference equation is:
500y[n]+400y[n —1] —405y[n — 2] — 324 y[n — 3] = 2000x[n] + 1450x[n —1] +135x[n — 2]

10.4 See Eq. (14.50) of Boulet’s book. Now, the impulse response of a DT filter is defined by
1/10, n=01..9
h[n] = :
0, otherwise

(a) Determine the transfer function of the system.
(b) Determine the frequency response of the filter.
(c) Sketch the poles and zeros of the system in the z-plane.

Answer:
(@) Its transfer function can be obtained from the z-transform of the impulse response:

2 1 11-z% 1 7%~
HZ) =Y hnlz"=—[l+z%+..+2°%]=— =
(2) HZ:(; [n] 10[ ] 101-z" 102°(z-))
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(b) The frequency response of the filter is
11— 1 e -e) 1 i, sin(5)

10 1—e® 10e /% (gle/2 _g 1012y " 10 sin(w/2)

H(z=e")=

(c) The pole at z=1 is cancelled by the zero at z=1. Thus, there are 9 poles at z=0, and 9 zeros at
'Zlk
e 10 , k=12,..9 in the z-plane, as shown in the figure below.
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10.5 Find the inverse z-transform of

1_# 2710
X(z):%, |z|>0
1-327)

Answer:
Since the ROC includes the entire z-plane, we know that the signal must be finite length. From the
finite sum formula, we have

1--2-z7% N

=k

2 =0
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Comparing this with the definition of z-transform, we have

L\n <n<
0, otherwise

10. 6 Consider a system whose input x[n] and output y[n] are related by
y[n-1]+2y[n]=x[n]
(a) Determine the zero-input response of the system if y[-1]=2.
(b) Determine the zero-state response of the system to the input x[n]=(1/4)"u[n].
(c) Determine the output of the system for n>=0 when the initial condition and the input are given
asin (a) and (b).

Answer:

Applying the unilateral z-transform to the difference equation, we have:
2 Y[2] + Y[+ 2Y[ 2] = X[ 2]
(a) For the zero-input response, assume that x[n]=0. Since we have given that y[-1]=2, we have
2 Y[2] + Y-+ 2Y[z] =0
-2 -1
Ylz] =5 —5=—7

.
2+1 1457

Taking the inverse z-transform, we have the zero-input response:
Iin
yIn] = ~(=2)"uln]
(b) For the zero-state response, set y[-1]=0. Also we have
1
5[(2):1_1—_1, |Z|>1/4

4

Therefore,
1 1/2
y[¢] - (1_;271)(1_’_%2,1)
By doing partial fraction expansion, we get:
1/6 1/3
= +
Yl=1 1-1iz7% 14177

Taking inverse z-transform, we get the zero-state response:

1,1, 1, 1.,
nl==)"un]+=(-=)"u[n
y[n] 6(4) [n] 3( 2) [n]
(c) The total response is the sum of zero-input response and the zero-state response:
1,1, 2, 1.,
nl==(=)"u[n]—=(-=)"u[n
y[n] 6(4) [n] 3( 2) [n]
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10.7 Consider a signal x(t)=cos(200rt).

(a) Determine the sampling frequency Fs such that x(t) can be recovered via low-pass filtering of the
sampled signal x(nTs), where Ts=1/F,

(b) If Fs=120 Hz, what frequency components are contained in the sampled signal x(nTs)?

Answer:

(a) The frequency of the signal x(t) is 100 Hz.

According to the sampling theory, the sampling frequency Fs must be greater than 2fy, where f\,=100
Hz. Thus, Fs must be greater than 200 Hz.

(b) If Fs=120 Hz, then the signal X[nTs] contain frequency components at +fy+kFs, k=...,-3, -2, -1, 0,
1,2,3, ...

Considering positive frequencies, we know the frequency components are located at:

100+120=220 Hz,

-100+120=20 Hz,

100+240=340 Hz,

-100+240 =140 Hz,

100+360=460 Hz,

-100+360=260 Hz,
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