Solutions to Assignment 9

9.1 Given a periodic signal x[n] and its Fourier series representation
.27
jk=—n

N-1
xn]=> ae N
k=0

we construct a signal y[n] using the FS coefficients of x[n]:
y[n]=a,, n=...,-2,-1,0,1,2, ....
Prove that the Fourier series coefficients by of y[n] is X[-k]/N.

Answer:
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9.2 Exercise 12.4 of Boulet’s book

Given an LTI system with A[n] = u[»]. and an input x[n] = (0.8)" u[n]. compute the DTFT of the

output I'(¢’) and its inverse DTFT »[n].

Answaer:
. . o = 1
Y(e')= H(e'™ 1 X (&™) = —+a Y Sw—=27k) | :
) (™) X(e™) e T ( )_fl—D_Ee‘*‘”
1 o
= +7yY ————dw 21k
(1-e™)1-08e7") =.1-08e™" ( )
= —4 — + ? — Ty %E(m—lﬂk}
1-0.87 1-—g® i 1-08g77°™
—4 3 i
= — + +37 Yy & -7k
1-08e7 1-g7® = ( )
So that: ym] = 5uln]—4(0.8)" uln].

9.3 Exercise 12.6 of Boulet’s book
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Compute the Founier transforms X(e’”) of the following signals

(a) x[n]= e [sin(@yn)+ 2 cos(a,n)uln]. |a’| <1

Answer:

x[n]= %af” {.e"'w"" — g }I +a" {e"""‘-” + g }I \ufn]

= ji (exe’™ ) uln] - %{a’e_"—wf‘ Y u[n]+ (cre’™ YV u[n]+ (ﬁre_":o"“ ) uln]
2j 2j

Using the table, we obtain the DTFT:

xen=il 1 L JJ L L
2il1—ae @) gt | g ] g/ tenen) |
__1-057  1+05;
1 —cre~ @) ] g @)
(=031 —ee™ ™y + (14 0.57)(1 — e )
B 1-2ercosm,e™™ + ale

—j(@+a,) o . —jaray) —ja—ay) e
2—ae ™ 405 jae MY —age™ ™™ 0.5 e T

1-2acosmye™ +a e’

2—ae (g™ + &™)+ 05 jae (e — &™)

1-2arcosmye™™ +a e

2-2acoswye +asinaye ™ 2+ a(—2cosw, +sinw, e

1—2arcos mne_“-‘” T 1— Ea'cnsmne'“:“' +alie
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(b)) x[m]l=(u[n+2]—uln—-3]+* E P [n —15k]. where # 1s the convolution operator.

Answer:
First consider the DTFT of the pulse signal v[n]:=u[n+2]—u[n — 3] which 1s:

_ sin(5/2 @)

¥ (e
)= @)

Now .,

Al =]+ 3 (1) Sln - 15K]

= y[n]# E On —30k]— y[n]+* E o[n—15-30k]

In the frequency doman,

_. 7 ] 2T, _jels < 2
XE@) =T (@) Z Y S(o-k ) - Y S(w-kL
(e”) (e E ) ( 3{?} € — ( 30}:|

LE=—a F=—u=
. i iwls. 2T o 2r
:I(G’ }I:].—{-‘ l)ﬁzé‘(m—kﬁ}
S, e a 2
= > Fle )l-e"" )0 (w—k—
30.& (e “)1-e"")o( 30)
r =z e o 2
=— > T(e M)1-e"")0(w-k—
30 = (e )1-e"")o( 30)
PR 4
- sin(k—) 9
_r S 6 (- (—1)*)5{m—kﬁ)
30 = . 30
sin(k—)
30

9.4 Exercise 12.8 of Boulet’s book
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Compute the Fourter transform X{e’) of the signal x[n] shown in Figure 12.7 and sketch its

magnitude and phase over the interval we [—7,7].

Figure 12.7- Signal in Exercise 12.8.

Answaear:

X{e‘{"") = i x[m ]\ej'_':.‘;"'ﬁ

Hm——

@l i -; —ja2
=2’ -+ + 7"

= [Zcm(?m) — Ccos@+ Ccos +cm(2m)] + ;[2 sin(2@) —sinw —sin @ — 5111(2(&)]
= [3c05(2fﬂ)]+ j’[sin(ﬂmj —2sin m]

Magnitude 1s

|X{e*"” )| = J[?rcos(lmj]l +[sin(2w) - 2sin ]

= 9cos’(2m) +sin’ (20) — 4sin(2w) sin @ + 4 sin’ (@)

= J8cos* Q@) +1— 4sin(2w)sin @ + 4sin’ (@)
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9.5 Exercise 12.10 of Boulet’s book

Consider a DLTI system with impulse response i[n]= (=0.4)"u[n]—(0.5)"u[n —2]. Compute

the output signal [n] for the input x[n]=(0.2)"u[n]. Use the DTFT.
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Answer:

() = 1 e
1+04e7™ 1-05¢7
. 1
X&' =
@) 1-02e®

—j3
1 g

Y(&®) = H(e®) X () = |

2/3 1/3 57370 9 j3gie
= P —+ — + :
(1+04e™™)y (1-027") (1-03") (1-0.2e77)

+ _
(1+0427°)(1-02¢7)  (1-0.5¢7)(1-02e™) )

-

= n 3 n 1 "
Using Table D.7. we obtain: y[#n] = E{—D.4)" u[n] +§({?.5} u[m] —E(D.E}' ufm].

9.6 Determine the inverse Fourier transforms of

@) X,(e") = i{zw(w —27K) +78 (e —% —27K) + 78 (e + % —27K)

k=—o0

(b) Xz(ejw):{

Answer:
(a) Method 1: apply the inverse FT equation:

x[n] = % [ Xie™)e" do = % [ [275(e) + 78 (0 - %) + 76 (o0 + %)]e jond gy

2j, O<w<nxm
-2j, —-nm<w<0

=el0 4 (1/2)e!"'A" £ (1/2)e 12" =14 cos(n/2)
Method 2: apply the property of DTFT:
Look up the Table D.7 in Boulet’s book, we have the following DTFT pair:

1o Y 228(0 - 2K)

k=—c0

According to the frequency-shifting property of the DTFT in Eq. (12.42), we have:
16 Y 27z§(a)—%—2ﬂk)
k=—o0

e 1o Y 27[5(a)+%— 27K)
k

=—0

or:
iZn > T
e?21/2¢o Zn&(w—E—Zﬂk)
k=—00
e 126 Y ;za“(m%—zﬂk)
k=—c0
Thus,
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X[n] =1+ (e’ +e '2")/2=1+cos(an/2)

(b) Applying the inverse FT equation, we have
_ 1 Y3 jo joon _ 1 0 : jon 1 T . jon
x[n]_EL[XZ(e e da)_—EL[ZJe da’+ﬂjo 2je'"dw

H _a-inz inz
Atz e T inmsin?(nr2)
T jn jn

9.7 Consider a causal and stable LTI system S whose input is X[n] and output y[n] are related through the
second-order difference system:
y[n]-(1/6)y[n-1]-(1/6)y[n-2]=x[n]
(a) Determine the frequency response of the system H(e'” );
(b) determine the impulse response h[n] of the system

Answer:
(a) Taking the FT of both sides of the difference equation, we have:
Y(e)[1-(1/6)e ' —(1/6)e ] = X (')

Therefore,
Y(E!”) 1 B 1
X(e) 1-(/6)e” —(1/6)e 1? 1 1

1-—e )1+ e
(=S )+ e)
(b) Using partial fraction expansion, we have

" 1 3/5 215
HE) = 1 =1 "1
L-Te ")+ e i) 1-Te 14 el

2 3 2 3

Taking the inverse FT according to the FT pairs in the Table D.7, we have
1., 1.,
h[n]=(3/ 5)(5) ufn]+(2/ 5)(—5) ufn]

9.8 A causal and stable system has the input and output signals as follows

(g]nu[n] — n(gjnu[n]

(a) Determine the frequency response of the system H(e!®);
(b) A difference equation can be used to characterize the input-output relationship of the system

iaky[n—k] = ibmx[n—m]

Determine the coefficients of the difference equation.

718



Answer:
(a) Since the LTI system is causal and stable, a single input-output pair is sufficient to determine the
frequency response of the system. The frequency response is given by

joy _ Y(ejw)
e
4Y' 1
X[n] = (gj U[n] <> W
_ (4 d 1 _ (4/5)e7
y[n]_n(sj il 1 a)[l—(4/5)e‘j“’] (1—(4/5)e™1*)?
Therefore, _
H(e”) = (4/5)e“i’_
1-(4/5)e7
(b) ) |
H () = (475 Y(e™)

1-(4/5)e7 1  X(e')
[1-(4/5)e7'”1Y (') = (4/5)e 1 X (')
y[n] - (4/5)y[n—1] = (4/5)x[n 1]
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