Solutions to Assignment 6

6.1 An second-order Butter-worth LPF has a frequency response given by Eq. (5.79), or:
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Please expand the above rational function into partial fractions:

A1 4,

H,(jo)= . ) (i_i)
\/—]\/— Jjo c\/E ]\/E

jo-.(

and determine the values of A; and A,. Then, obtain the inverse Fourier transforms of the
partial fractions and show that the impulse response of this LPF is given by Eqg. (5.81):

() = 2. sin( \/_t)u(t)
Answer:
For convenience let jo:=s, s, = 60(\/—+j\/—) s, = “(_T;_j%)'

Then the frequency response of the LPF can be represented by:
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can be obtained by looking up the FT pairs in the Appendix D,
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The inverse FT of

Jo =5
table D.1:

FT A
Aeu(t) <> —2

for Re{s;}<0
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Thus, the impulse response of the LPF is:
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6. 2 Exercise 6.4 of Boulet’s book.

Compute the step response of the LTI system H(s) = M Ref{s} =0.
s(s+13)

Answer:
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Refrl=—3  Re(f}=0  Ra{s)=l

Using Table D 4 of basic Laplace transform pairs. we obtain the step response:

s(f) = _%g'f"y{m %;; () + 2tu(t)

6.3 Exercise 6.6 of Boulet’s book.



Suppose that the LTI system described by H(s) = 15 known to be stable. Is this

2
(s+3)(s—1)

system causal? Compute its impulse response /(7).

Answer:

There are three possible ROC's that could be associated with this transfer function. Only one

ROC contains the imaginary axis and leads to a stable system: —3 < Re{s} < 1. With this ROC,

the system 1s noncausal as the ROC 1s not a right half-plane. Impulse response:
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which yields: i(t) = - ~e u(t) —;e u(—t) .

6.4 Exercise 6.8 of Boulet’s book.
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————— . Sketch all possible ROCs of
st 25 41

Consider an LTI system with transfer function His) =

H(s) on a pole-zero plot and compute the associated impulse responses h(r) . Indicate for each

impulse response whether 1t corresponds to a svstem that 15 causal/stable.

Answer:
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There are two possible ROCs that could be associated with this transfer function. Only one ROC

leads to a stable system: ROC1.
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Impulse response with ROC2: unstable, anticausal.
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6.5 Exercise 6.10 of Boulet’s book.

35 —35-6

s +125% +120s+200°

(a) Find the impulse response of the system H(s) = Re{s} = -2 Hunt:

this system has a pole at —2.

Answar:



Hs)=m—s 3570 peggyso
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Re{r}:

Re{s} = -2

Refri>-2 Talrios

Thus.

Ri(t) = 0.14286¢™ u(r) + (1.4286 + j1.4104) =1 (r) +(1.4286 — 71.4104) &y ()
= 0.14286¢ u(r) + 26 Re{(1.4286 + j1.4104) ¢ Ju(r)
=0.142866 " u(#) + 267 (_1_428&0;(54'}) ~1.4104sin(5+37) | u(?)
= 0.14286¢ " u(r) + ¢ 2.8572 cos(5v/37) — 2.8208sin(54/31) | u(r)

(b) Find the settling value of the step response of H(s) given i (a).

Answaer:

Using the final value theorem: lim s(#)= H({0) = ;060

L

=-0.03.

6.6 A signal y(t) =x1(t-2)*xo(-t+3), where x1(t)=eu(t) and x(t)=e*'u(t). Please apply the
properties of Laplace transform and obtain the Laplace transform of y(t) and indicate the
ROC.

Answer:

x, () = e ?u(t) & 1 ROC e Re{s}> -2
s+2

x, () =eu(t) & 1 ROC e Re{s}> -3
s+3

Applying the time-shifting and time-scaling properties, we have

-2s
x(t-2) o< ROC € Re{s}> -2
s+
-3s
xX,(-t+3) & ROC e Re{s}<3

Applying the convolution property of the LT, we have



s+2

X, (t=2)%x, (~1 +3) <> { e Lfs } ROC S{Re{s}> -2} ~{Re{s} < 3}

6.7 x(t)=e'u(t)+ e™'u(t). Let the Laplace transform of x(t) be X(s). If the ROC of X(s) is
Re{s}>-3, what are the ranges of Re{p} and Im{3}?

Answer:
The LT of the signal is:

X(s) = ! + !

s+5 s+ /0

Since we are given that Re{s}>-3, we can know that Re{3}=3. There are no constrains
on the imaginary part of f.

Re{s} > max(-5,Re{A})



