Assignment 4
Due October 14 (Tue), 2008.

Part 1 (no submission is required)

Practice makes perfect. Do and understand all exercises in Chapter 4 of Benoit Boulet’s book.

Part 2 (Handwritten and submission are required)

4.1 A periodic rectangular wave as shown below has a frequency of SkHz, pulse width t=20 us,
amplitude E=10 V. Derive the amplitudes of DC, fundamental, second, and third harmonic

components.
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a, = £sin(3m' /T)= Esi11(37z x20x107° x 5000) = ﬂsin(o&r)
Y RY/4 RY/4

The amplitude of DC component is ap=1 V.
As aj=a.j, the fundamental component is x, (¢) = a,e

The amplitude of fundamental is 2a; =(20/m)sin(0.17)

Jat —Jjoot

+a e =2a, cos(w,t) .

j2awmt —Jj2wt

As ay=a_, the second harmonic component is x, (t) = a,e’” +a_,e =2a, cos(w,t).

The amplitude of the second harmonic component is 2a, =(10/m)sin(0.27)=1.871 (V).

J2wt —Jj2wt

As az=a.3, the third harmonic component is x,(¢) = a,e +a_se =2a, cos(Bw,t) .

The amplitude of the third harmonic component is 2a; =(20/31)sin(0.37).

As ay=a., the third harmonic component is x, (¢) = a,e” ™ +a_,e ™ =2a, cos(Nw,t).

The amplitude of the third harmonic component is 2ay =2E/(Nm)sin(N7t/T)=(6.366/N)sin(0.3142N).

4.2 Let the Fourier series of a periodic signal be
f()= ZFnejna)ot
Prove that df(t)/dt is also a periodic signal, and that its FS is

o0

<=3 jonF,e

Answer:
f(t)=f(t+T)

df(t)/dt=df(t+T)/dt=f ' (t+T)
Thus df(t)/dt is also periodic with period T.

Let the FS of df{t)/dt be
d - ;
— f()= D E, "™
. /(@) 2B

_l Tdf(t) —jnwyt _l —jna)otT_ T i —jnayt
E, =], S s =@ = [L ey e ]

. 1 r —jnagyt .
= Jnw, ?J.o S (e dt = jnoyF,
Thus

S FO= 3 jouF,e

172



4.3 Exercise 4.6 of Boulet’s book.
Answer:

(2)

1 T — ket . 4-71 ket
a, = vi(te T dr =—| sin(@,t)e "V dt
Iy Iy
4 r jar —al e Jag (1-2k0r = Jesg {1+ 2R
&’ ! e"a‘r—— — g T gy
=5 f[ ) J¢ )

2

_?x;[;mu{l 2k) __,rﬂ}:{l+'2;f]l_§'

fr{l - 4}:' )]
Thus, v(r) = ﬁe"{m-: is the Fourier series of the full-wave rectified sinusoid.
(b) Express v(t) as a real Founier series of the form v(t) =a, + ZZ[B# cos(kant) — C, sin(kan )]
k=l

Answar:
Note that the Fourier series coefficients of v{¢) are real. Hence

+o
v(t)=a, + E (a,e™" +a_e™ ™"
k=1

—jkant }

ey
_ ket
=a,+ 2 a.(e" +e
k=l

ey
=a,+ ZZ a, cos(fan 1)

k=l

and we can identify the coefficients B, =a,. C, =0._ Note that v(r) 1s an even function, hence 1t
must be an infinite sum of even functions only (cosines and a constant). This 1s why the C,

coefficients are 0 (the sine function 1s odd).

4.4 Exercise 4.8 of Boulet’s book.
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Note: to do problems (b) and (c), you need to study Matlab files linespectrum.m and Fourierseries.m
on the CD \Chapter4 and create your m file.

e In the Matlab command window, you type: help eval (and then press the return key), and learn
the Matlab built-in function “eval”.

e Replace the string ‘=-j*A/(k*pi)’ (in linespectrum.m), which is the FS coefficient value for the
signal in Figure 4.3, with the FS coefficient value for the signal in Figure 4.32

e Study lines 93-109 of Fourierseries.m and learn how to sum a number of harmonic
components.

(a) Compute and sketch (magnitude and phase) the Fourner series coefficients of the sawtooth

signal of Figure 4.12.

x(r)

NN N

-1 -5 05 1 1.3 f

Figure 4 12: Penodic sawtooth signal in Exercise 4.8(z).

Answer:

The Fourier series coefficients are computed:

L (xyar = [ a-20)ds
Ty 0
-— 1 2—-0.5 .1

L Jo

ﬂ':z

1/4



1
[m(r) ~JE
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= + —| e |
J2r 2(Gkm)y - -0
= — 1L 1 - [e""m -1
JR2r kY -
_: [1==17]
= +[ ( ) =, k=0
k2r 2Akry

The magnitude is obtained:

1 [T -cy’ T
o] = iery | aGkny _EUWJ (kY

and 1t is plotted below.
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The phase 1s given by:

—Y(2kT)
(1= 26k |

Za, = arctan

27 Za.

-0-9 8 -7 654 -3 -2 0k
0.5

-1
15

2 |
(b) Express x(r) as its real Fourier series of the form:
=
xt)=a, + ZZ[B,? cos(han ) — C, sin(kay )]

Answer:

Let a, =a, + jf.. The fundamental frequency is @ =2x. Note that the Fourier series

coefficients can be written as:
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4oo 4o
I{I} =a, + Z (ake"-m"- + ﬂ__;re_':"m'r} =a, + Z (ake;r‘m_r + ak-g—;rm._r}
k=l k=l

=a, + i (e, + j B, Ncos(kart) + jsin(kant)) + (ct, — j B, Weos(kart) — jsin(kart))

k=]

=a, + > 2, cos(kart) — 23, sin(kay 1)
k=]

1-(-1)' ]
and we can identify the coefficients B, =, = L . =, =—— Thus
' ' 2kry ' Y #5 .4

-]

1 .
—=cos(k2mt)+—ssin(k271) .
(km)” ( ) km ( )

1 +e

X(O)==+

4 =

(c) Use MATLAB to plot, superimposed on the same figure, approximations to the signal over

two periods by summung the first 5, and the first 50 harmonic components of x(t), 1.e., by

N 2T

JE—=T i
plotting x(f) = > a,e * . Discuss your results.
-N

Answear

3 and 50 harmonic components:

1.2

' L
0.8 -Il,l HM:!'I. I|I \

TN\ |
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The fifty-harmonic approximation is obviously a better representation of the sawtooth waveform,
but significant ripple are seen in the plots of both truncated Fourier series, especially around the

discontinuities.

{d) The sawtooth signal x() is the input to an LTI system with impulse response
Bty = e sin(27t)u(r) . Let () denote the resulting periodic output. Find the frequency
response H(j@) of the LTI system. Give expressions for its magmitude |H ( _,i"m}| and phase
ZH(jw) as functions of w . Find the Fourier series coefficients 5, of the output v(r). Use your

computer program of (c) to plot an approximation to the output signal over two periods by

summing the first 50 harmonic components of y(f) . Discuss your results.
Answer:
Answar:

The frequency response of the system 1s given by

oo
H(jo)= [ & sin(2rr)e™ dt
i}
A . .
— { (E,:]m _e—..']ﬂ'r)e—{lt:m]rdr

—(1+j (=2t —(l+ a2y 1
> ‘[(ei Jle=2al _ = (lej(e+da) Ydt
1 3 1
27014 jlew=27)y 271+ jlow+ 27))
1+ j(w+2m)) - (1+j(w-27))
27014 jleo— 27201+ jlw+27))

2
-’ + 41 + 2w
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Magnitude:
2
(1-@* +47°) +40° |

H(je)|=
I

%
1
]

Phase:
. [ 2w
ZH(jaw) = arctan| - -
- +4x° )
Spectral coefficients of the output signal:
o (o 1= ])
by = H(jkay)a, = : : ‘ = - ]
0 1-(k2x) +4n + jdkr| K2 2km)y |
1 ([1-D* |- k)
C1-(k27) +4nt + jakr| K |
Truncated Fourier series with N =50 harmonic components:
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The filter essentially lets only the DC and fundamental components pass through 1t
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4.5 Exercise 4.10 of Boulet’s book.

Answer (a)

This is just our regular rectangular wave with I =0.5 and of amplitude 2 but that has been

"lowered” by 1 and time-delayed by 0.5. Fourier series coefficients are:

SN
a, = il{r)a‘f— 7

1
T
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=T
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a, = 2_?]5inc(k?"}e T

11
=3 smclk 4}0.

k=0

1 1
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1. 1 -t T xf (1))
Phase: Fa, =—sinc(k=)e * =-k———<1-5 sinc(k—) |+
) r 4 2] gnl,_ ( 4),-|_f

9 87T -6 54 -3 -2 - 1 10 k
0 5

-10

-15

(b) (1) = sin(10s1) + cos(2001)

Answer:
. _ 1 jlowr EILE s L BRI o —Jj20at
) =—1/e —é |+—|e +e |
250 ! 2\ J
J 2
— it I - s 1 .
=_g J 20 +4a ar ie,lﬂg. + gt ar
2 2 2 2
Thus,
w, =107, a,=0
1 ] j 1 )
a_, =—.f1_1=i,a- =—-<.ag,=—, a, =0, otherwise
-2 2 2 7 2 ¥
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=0, otherwise.

Magnitude: |r“| =10, |n_3 =

0.40

0.30

0.20

i .
Phase: Za, =0. Za, =0, La_j=—. Zag =—7. £a =0. Za, =0. otherwise.

3 2 -1 { 2

4.6
a. Answer

The Fourier series of x(t)y(t) is

= —I (Za e/”wnl Zb eﬂwnt j/»wotdt _ _J. (Z za b ej(ll+l)a)ol jkwotdt

n=-o0 [=—0

=% i - anb, J.T (ej("‘*'l)wofe_jka’ot )dt = z Za b 5(]( (l’l +l)) = Zanbk -n

n=-o0 [=—w©

(b) Answer:
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y(t) — Zbkejkwot
fk=—0

* 00 * 0
— jkawyt ik ot
x(¢) = E a,e ™ = E a,e"™
k=0 k=—0

As  W(O)=x(0)

Thus b, =a_,

From part (a),

0 0 * 0 * 0
2
CO = Zanbﬂz = Zan a—n = Zan afn = Z‘ an ‘
n=—0 n=—0 n=-0 n=-o0
From the Fourier series analysis equation, we have
1 »
C = —I | x(2) |* e dt
T
with k=0, we have

_1 2 _w 2
c= g L1 ¥OF dt=3a,
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