Assignment 1.

Due: September 15, 2008, Monday before class.

Drop finished assignments in the assignment box near the undergraduate Office in the ENGTR
building.

Part 1 (no submission is required)

1. Do and understand all exercises in Chapter 1 of Benoit Boulet’s book.
2. Run the Matlab script on page 14-15 of Boulet’s book.

Part 2 (Handwritten and submission are required)

1.1 Sketch the signal x[n]=a", where a=-0.8.
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x[n]

-8
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1.2 Exercise 1.6 of Boulet’s book.



(a) ()= &5
Answer:
x() = e = o7 [cos(3t) + jsin(31) | = €7 cos(31) + je ™ sin(37)
(b) x(1) = & ™ u(t) + e u(—1)
Answer:
() = e ™ ut) + " u(—1)

= cos(mt)u(r)— jsin(mt)u(r) + ™ cos(mi)u(—t)+ je* sin(xi)u(—r)

= cos(mu(t) + e cos(mt)u(—1)+ j I:ezr sin(z)u(—t) — Sill(.’l'f)i!(r)}

1.3 Exercise 1.8 of Boulet’s book.

Compute the convolution: §(r—T)#e " u(t) = J‘ d(r—Te " u(t - 1)dr .
Answer:

S(t—T)xe 'u(t) = T S(r-Te u(t—)dr

—

="yt =T)

1.4 Exercise 1.10 of Boulet’s book.



Determine whether the following svstems are: 1. Memoryless, 2. Time-invariant, 3. Linear,

4 Causal. 5. BIBO Stable. Justify your answers.

b

(a) y(t)= ix[!) . where the time denivative of x(¢) 1s defined as ix{r) = lim M
dt dt Ar—ir AfF

Answer:
1. Memoryless? No.

The output at time ¢ depends on the value of the mput at time .
2. Time-invariant? Yes.

x(t=T)—x(t—T — Ar) _

v v =T)

3 () =5x(t—T)= lm

3. Linear? Yes. Let



¥ () = 5x () = EEM

At
] —x (F—A
_]-'_'_\- [:f) = S_‘,(: (r) = _'1:;1_113 7.'__ (!) :;:_IEI f)

Then,

v(t) = Slax; (£) + bx, ()]
iy L0200 + 53y (D] [ax (0= AN + b, (1~ A)]

Ar—0 Af
() —x (f—Ar o) —ax, (= At
=a1im—11() L )+b1im L0 —x( )
Ar—] At Ar—i Af

=av; (£) + by, ()
4. Causal? Yes. The output depends on x(r) and x(:7).

3. Stable? No. Consider:

|x(1)| = |sinewr| 1= Given K. 3,.@ such that |y(z,)| = ‘i_fx(r)
a

=|wecos oy | =|w|> K

1.e.. the output is unbounded for a sinusoidal mnput of infinite frequency.

t
(b) > (?}—m

Answer:
1. Memorvless? No, because the output at time ¢ uses the past value of the mnput x(r—1).

2. Time-invariant? No. The system § 1s tune-varying since:



¢ t—T
%)= 5x@-1) 1+x(:—1—r)i1+x(:—1—r) ve=h

3. Lmear? No. The system 5 is nonlinear because it does not have the superposition property:

For x(f). x, (7). let w() = ()=

¢
l+x(-1) 1+x50-1
Define x(r) = ax, () + bx, (7).
r at bt

Then yif) = = +
IHaq(t—1D+be,(t—1) 14+x(-1) 14+x(F-1)

= aw () + by, (1)
4 Causal? Yes The system 1s causal as the output 1s a function of past and current values of the

input x(t—1) and x(#) only.

3. Stable? No. The system 1s unstable since for the bounded mput x(t)=-1= |j_| '{f}‘ =4oo 18,

the output is unbounded.
(c) v(t)=2m(28)
Answar:
1. Memeoryless? No. The output at tume 7 > 0 depends on future value of the mput x({2¢).
2. Time-invariant? No.
W =580 -T) =202t =Ty 22t —Tx2( =T =y(t-T)
3. Linear? Yes. Let

Wy (8) = 8x (8) = 21, (21)
¥, () = 5x, (1) = 2ex, (21)



Then

¥(1) = STax, (1) + b, (1)]
= 2#[ax, (21) + bx, (20)]
= a26x,(21) + B21x, (21)
= ay, () + by, (1)

4. Causal? No. The output at time ¢ > 0 depends on future value of the input x(2¢).

3. Stable? No. Consider the constant inputx(t) = B = for any K. 3T such that |}'{T}| = |2TB| =K,

-

namely, for times T > ——  Hence, the output is unbounded.
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(d) »n]= E [k —n]

==
Answar:

1. Memoryless? No. The output at time #» is computed using past values of the input. e g, for

i =1, we need all past values of the input.

2. Time-invariant? No. Let yy[n]:=Sx[n—N]= z ak—n—N]:

k=—

n-N n=N
Vr=N]=3 sk—=(n—-N)]= > sdfk-n+N] letm=k+N
k=—os E=—a
= Z x[m —n]= w[n]

M=—



3. Lmear? Yes. Let y[wn]=5x[n]= E xlk—nl wnl=38x[n]= E x;[£—n]. Then, the

Bz E=—sa

output of the system with x[n] = ax [m]+ bx,[n] 1s grven by:

y[n]= i ik —n]= i ax; [k —n]+bx, [k —n)
Ez—a F=—os
= H_Z nlk—nl+b Z x[k—n]=yn]+ @]

= f=—ca

4. Causal? No. For negative times. the output 3[n] depends on the future value x[n].

5. Stable? No. For the bounded input signal: x{n] =8 = |v1'[_=r]| = =

Z Ak —#]

F=—o

ZB‘:M.

(e) y[n]=xn]+mln+1]
Answaer:

1. Memorvless? No. The current value of the output depends on the next value of the input

an+1].

2. Time-invariant? No.
whl=xln—-N]l+uxdn—-N+1]2xn—-N]+(n—N)x[n—N+1]=n—-N]

3. Lmear? Yes. Let y [n]=x[n]+mx[n+1L. »[n]=x[n]+nx[n+1]. Then,

Mrl= S(ax, [n]+ bx,[1n]) = ax, [n] + b, [m]+ nax, [7 + 1]+ nbx, [ +1]
= ax;[n]+ nax; [n +1]+ bxy [n] + nbx, [# + 1] = aw [#]+ by, [#]

4. Causal? No. The current output v[»] depends on the next value of the nput x[n+1].



3. Stable? No.

Forx[n]=B. givenanyv K = 0,

AN such that |y[N] = [x[N]+ N[N +1]| =|(1+ N)B| > K. namely when N > % -1

() y[n]=x[n]+ xln-2]

Answer:

1. Memoryless? No. The output v[#] depends on a previous value of the mput x[n — 2]

[

. Time-invanant? Yes. yy[n] = Sxn—N]=xn—N]+x[n-2-N]=y[n—N]
3.Linear? Yes. Let y,[n] = 5x[n]=x[n]+x[n—-2]. »,[n]=Sx,[n]=x,[n]+x,[n-2].
Then,

yin]l= Slax;[n]+ bx, [n]) = (ax [n]+ bx, [1]) + (ax; [n — 2]+ b, [ — 2])
= ax,[n]+ ax,[n— 2]+ bx, [n] + bx, [11 — 2] = ay, [n] + by, [11]

4 Causal? Yes. The current value of the output y[#] depends only on the current and previous

values of the mput x[n], xfn—2].

5. Stable? Yes. Given any B > 0. for |x[n]| < B. |»[n]| < |x[n]+|x[n —2]|=2B. ¥n.



1.5 x(t)= 27"¢/'"", the signal can be represented using a spiral trajectory in the complex plan. Please
indicate the points corresponding to t=0, 1, 2, 3, 4.

Answer:
t 0 1 2 3 4
[x(t)] 1 0.5 0.25 0.125 0.0625
Angle of 0 15%215.7522 31*218+5.2213 47*%216+4.6903 | 63*216+4.1593
x(t) in
radians
Angle of 0 329.57 299.1585 268.7344 238.3103
x(t) in
degree
-1 t=3
Im
0
Re
@ >
1

1.6 Determine the fundamental period for each of the following signals, if it is periodic.

Answer :

a. Sin(2t)+cos(3t)
2n

b ejO. Stin +e —j0.71tn

Answer : The minimum N to make 0.5TTN=m21and 0.7TtN=k217, where k and m are prime, is

N=20.

1.7. Determine the even and odd components of the signals




a. X(t)=sin(t)+cos(3t)

Answer:
. (6)= sin(?) + cos(3¢) + ;in(- )t cos(-3¢) - cos(31)
X ()= sin(?) + cos(3¢) - 2sin(- t) - cos(-3t) - sin(t)
b. x[n]=u[n]+nu[-n-1]
Answer:
LE uln]+ nu[-n- l]gu[- n]- nu[n-1]
TE u[n]t+ nu[-n- 1]-2u[- n]t nu[n- 1]

1.8 Unit ramp function is determined as R(?)= tu(t). Derive the first and second derivatives of the
ramp function.

R'(¢) = dR(@) u(t)+ 10 (t)
dt
R"(t) = aR(@) . 5 ()t 8 (0)+ 18, ()= 26 (¢)+ 16, (¢)

1.9 The derivative of the impulse signal ) d(?) is the unit doublet, denoted as O'(¢). Assuming f(?) is
continuous at to, prove the following relationships:

a [, S8 (- t)di= - £ (1)
Answer:
[, /@8- 1)dr
= [ SOd8 (- 1)
SO = 1)) - [ 8= 1,)f (0
- fl(to)

b. f()d(1)=/(0) 31)-/10) &1

Answer :
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V) A =110 A + f)OW)=110) A+ ()W)
V) Y} =10) o)
1 fSW=f0) 5)-f10) &)

c. OFy=-90

Answer :
X (3)
d (1) = 7
5= L0 5

1.10 Show that x(t)=sin(t) and y(t)=sin(2t) are orthogonal over the interval [to, ty+T], and indicate

the value of T.

jot - jot

ot T . ot T o eIt -
jt sin¢sin 2tdt = Jt (e ‘e )(e .e )dt
t l 2] 2]
(T ej3t + e_j3t - ej' - e'ﬁ
) Ifo ( -4 )dt

1 4tT
= - EL (cos3t - cost)dt

tgt T
ly

= - lsin3t
6

1 .
0Ty Sint
f[) 2

=0
where T is 2Tt the fundamental period of cos(t).

1.11 derive the values of the following functions

o

a. I f(5- 2t)dt , where f(t)=2t-3).

-0

Answer :

[ [ -0

[20(5- 26- 3)di = [26(-20+ 2)dr = - [25 2+ 2)dr = 1

-n - [
2n

b. I (1+ £)d (cost)dt

-2n

Answer:
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2H(1+ ) (cost)dt = 2n(1+ NP @+3m/2)+d@+n/2)+0(t-3n/2)+0(t-n/2)dt=4
J J

-2n -2n

1.12 For the following figure, assume the capacitor C has zero charge initially. The reference
directions of the voltage u(?) and the current i(z) of the capacitor C are shown in the figure. At time
t=0, s1 is turned on.

a) Please derive the mathematical expression of i(?) for non-zero R1.

b) IfR1 is zero, please give the mathematical model of the signal i(?), and plot i(2).

A 5 O i%)

s2

V"C) - + — C
u(t)

Answer:
a.
1 t
EIl(t)dt- Ri(t)=V
dit ! it)=0
t RIC

-t
. -V RC
()= —e " ult
(0) R, ()

b. i(t)=-CVi(t)
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1.13 plot

a. O[-k+3]
O[k+3]
T T }k
-3 0
T O[-k+3]
.
0 3
b. u[-k-1]
uf-k-1]
- - ‘[ T T T
-2 1
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