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1. (a)

F (x, y) =
∫ 1
0

∫ 1
0 f(x, y)dxdy

=
∫ 1
0

∫ 1
0 cxkyldxdy

=
∫ 1
0 c xk+1

k+1

]1

0
yldy

= c
k+1

yl+1

l+1

]1

0
= c

(k+1)(l+1)

= 1.
⇒ c = (k + 1)(l + 1).

(b)

P (Y > X) = c
∫ 1
0

∫ 1
x

xkyldxdy

= c 01 yl+1

l+1

]1

x
xkdx

= c
∫ 1
0

(

1
l+1 − xl+1

l+1

)

xkdx

= (k + 1)(l + 1)
[

1
(k+1)(l+1) −

1
(l+1)(k+l+2)

]1

0
= 1 − k+1

k+l+2

If l > k then P (Y > X) > 1/2.
(c)

fY (y) =

∫ 1

0
cxkyldx = c

xk+1

k + 1

]1

0

= (l + 1)yl;

fX(x) =

∫ 1

0
cxkyldy = c

yl+1

l + 1

]1

0

= (k + 1)xk.
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2. (a)

∑

i∈RI

∑

j∈RJ
p(i, j) = 1

(0 + 1 + 1 + 1 + 2 + 2 + 1 + 2 + 2)c = 1
⇒ c = 1

12

(b)

PI|J(i, j) =
P (I = i, J = j)

P (J = j)
=

i2+j2

12

P (J = j)

PJ(j) =







1+2+2
12 = 5

12 , j = −1
0+1+1

12 = 2
12 , j = 0

1+2+2
12 = 5

12 , j = 1

PI|J(i, j) =











i2+1
5 , j = −1

i2

2 , j = 0
i2+1

5 , j = 1

(c)

P (|I| = 1|J = 0) = P (I = 1|J = 0)+P (I = −1|J = 0) = 1/2+1/2 = 1

3. See Fig. 1.

4.

FY (y) =
∫ ∞
−∞

1

2πσXσY

√
1−ρ2

e
− 1

2(1−ρ2)
[(

x−µX
σx

)2−2ρ(
x−µX

σX
)(

y−µY
σY

)+(
y−µY

σY
)2]

dx

=
∫ ∞
−∞

1

2πσXσY

√
1−ρ2

e
− 1

2(1−ρ2)
[(

x−µX
σx

)2−2ρ(
x−µX

σX
)(

y−µY
σY

)+ρ2(
y−µY

σY
)2−ρ2(

y−µY
σY

)2+(
y−µY

σY
)2]

dx

=
∫ ∞
−∞

1

2πσXσY

√
1−ρ2

e
− 1

2(1−ρ2)
[((

x−µX
σx

)−ρ(
y−µY

σY
))2+(1−ρ2)(

y−µY
σY

)2]
dx

= e
−

1
2 (

y−µY
σY

)2

2πσY

∫ ∞
−∞

1

σX

√
1−ρ2

e
− 1

2(1−ρ2)
((

x−µX
σx

)−ρ(
y−µY

σY
))2

dx

= e
−

1
2 (

y−µY
σY

)2

√
2πσY

5.

P (X ≤ 0|y = 1) = Φ(
0 − 1

1
) = Φ(−1) = 1 − Φ(1) = 0.1587

Experimental value : 0.1570
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Figure 1: Question 3
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6. RV X and Y are dependent. This can be seen by following example:
Consider P (X = 8, Y = 8) which is equal to zero but P (X = 8)P (Y =

8) =
(13

8 )
(52

8 )
(13

8 )
(52

8 )
6= P (X = 8, Y = 8).

7. (a)

f(x, y) =
1

(b − a)(d − c)

See Fig. 2.

a

b

c

d

1/(b−a)(d−c)

Joint PDF X, Y

xy

Figure 2: Question 7 (a)

(b)

F (x, y) =

∫ x

a

dt

∫ y

c

duf(t, u) =
(y − c)(x − a)

(b − a)(d − c)

See Fig 3.

(c)

fY (y) =

∫ b

a

1

(b − a)(c − d)
dx =

(b − a)

(b − a)(c − d)
=

1

d − c

fX(x) =

∫ d

c

1

(b − a)(c − d)
dy =

(d − c)

(b − a)(c − d)
=

1

b − a

Therefore, f(x, y) = fX(x)fY (y) and two RV are independent.
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Figure 3: Question 7 (b)

8. Let f(x, y) be the joint probability density function of X and Y .
Clearly,

f(x, y) =
1

2πσ2
e

−x2

2σ2 e
−y2

2σ2

Since, x = r cos θ and y = r sin θ

J =

∣

∣

∣

∣

cos θ −r sin θ
sin θ r cos θ

∣

∣

∣

∣

= r 6= 0

g(r, θ) = f(r cos θ, r sin θ)|r| =
1

2πσ2
re

−r2

2σ2

Now

gR(r) =

∫ 2π

0

1

2πσ2
re−

r2

2σ2 dθ =
r

σ2
e−

r2

2σ2 , r > 0

and

gΘ(θ) =

∫ ∞

0

1

2πσ2
re−

r2

2σ2 dr =
1

2π
, 0 < θ < 2π

Therefore, g(r, θ) = gR(r)gΘ(θ), showing that R and Θ are indepen-
dent random variables

9.

Z = max(X,Y ) =

{

X ifX > Y
Y ifX ≤ Y
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FZ(α) = P (z ≤ α)
= P (max(X,Y ) ≤ α)
= P (X ≤ α, Y ≤ α)
= FX,Y (α,α)
= Fx(α)FY (α)
= (1 − e−λα)2
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