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We see that for t < 1/2, MX(t) exists; furthermore, it is the moment-
generating function of a gamma random variable with parameters r =
2 and λ = 1/2.
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Substituting the Taylor series for ejω = 1−jω− ω2
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3. By definition,
MX(t) = E(etX )

=
∑∞

x=0 e
tX e−λλx

x!

= e−λ
∑∞

x=0
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x!
= e−λ exp (λet)
= exp [λ(et − 1)].

From
M ′

X(t) = λet exp [λ(et − 1)]

and
M ′′

X(t) = (λet)2 exp [λ(et − 1)] + λet exp [λ(et − 1)],

we obtain E(X) = M ′
X(0) = λ and E(X2) = M ′′

X(0) = λ2 +λ. There-
fore,

V ar(X) = (λ2 + λ) − λ2 = λ

4. We have that

M2X+1(t) = E[e(2X+1)t]
= etE(e2tX )
= etMX(2t)

= et

1−2t , t < 1
2 .

5. (a)
∑

x∈RX

∑

y∈RY
p(x, y) = 1

(2 + 3 + 4 + 3 + 4 + 5 + 4 + 5 + 6)k = 1
⇒ k = 1

36
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(b)

P (X = 1, Y < 3) = p(x = 1, y = 1) + p(x = 1, y = 2)
= 2/36 + 3/36 = 5/36.

P (X = 1, Y ≤ 3) = p(x = 1, y = 1) + p(x = 1, y = 2) + p(x = 1, y = 3)
= 2/36 + 3/36 + 4/36 = 1/4.

P (X = 2) = p(x = 2, y = 1) + p(x = 2, y = 2) + p(x = 2, y = 3)
= 2/36 + 3/36 + 4/36 = 1/3.

P (X < Y ) = p(x = 1, y = 2) + p(x = 1, y = 3) + p(x = 2, y = 3)
= 3/36 + 4/36 + 5/36 = 1/3.

P (X ≤ Y ) = P (X < Y ) + p(x = 1, y = 1) + p(x = 2, y = 2) + p(x = 3, y = 3)
= 1/3 + 4/36 + 5/36 + 3/36 = 2/3.

6. (a)
∑

x∈RX

∑

y∈RY
p(x, y) = 1

((1 + 1) + (1 + 9) + (4 + 9))k = 1
⇒ k = 1

25

(b)

pX(x) =

{

∑

y∈RY
p(x = 1, y) = 2/25 + 10/25 = 12/25, 1

∑

y∈RY
p(x = 2, y) = 13/25, 2

pY (y) =

{
∑

x∈RX
p(x, y = 1) = 2/25, 1

∑

x∈RX
p(x, y = 3) = 23/25, 3

7. (a)

fX(x) =

∫ x

0
2dy = 2x, 0 ≤ x ≤ 1

fY (y) =

∫ 1

y
2dx = 2(1 − y), 0 ≤ y ≤ 1

(b)
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P (X < 2Y ) =

∫ 1

0

∫ x
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2

P (X = Y ) = 0
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8. The problem is equivalent to the following: Two random numbers X
and Y are selected at random and independently from (0, l). What is
the probability that |X − Y | < X? Let S = {(x, y) : 0 < x < l, 0 <
y < l} and

R = {(x, y) ∈ S : |x− y| < x} = {(x, y) ∈ S : y < 2x}

The desired probability is the area of R which is 3l2/4 divided by l2.
So the answer is 3/4.

9.
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Figure 1: Question 9
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