ECSE 305A: Probability and Random Signals I
Problem Set 7
solutions

McGill University

November 8, 2006

LIfT= [~ e=®*/2dz | then

I’ = (f_oooo e‘xz/zdx) (ffooo e_y2/2dy>
= [ e @) 24y dy,

— 00

Therefore,we can change the variables to polar coordinates, where z =
rcosf and y = rsinf and dx dy = r dr df. We have

o= [T Prdrdy = [T ([T d0) dr
= 2m.
Thus, I = V27 and [*_ ¢(z) dz = 1.
2. See Figure 1.
3. Let g be the density function of |X — pul. ¢g(t) =0 if t < 0; for t > 0,
dx; 1 —t?

o(0) = )| G =2 e ()

Therefore,G(t) =0 if t <0 and for t > 0

G(t) = 2 cp(%) ~1

Hence,



substituting u = t/o, we obtain

*© 92 2 2
E(X — = ue " 2dy = a\/j.
(X = [ 2= :

. Assuming that the chest sizes has normal distribution, the mean is 40
and the o can be found, using the inflection points information,

42.5 — 40

g

=1=0=25.
If p is the probability that a random soldier has a chest more than 40
inches, then

X —40 _ 40 —-40 X —4
> )= P2
2.5 2.5

p=P(X >40) = P( > 0) = 0.5.

25 —

Therefore, the probability that form 50 randomly selected soldiers, 10
had a chest size of a least 40 is:

(?g) (0.5)19(0.5)1°.

. (a)We want to find = so that P(X > z) = 0.10 or P(X < x) = 0.90.

X-=7 x-75
<

B
10 10

) =0.90

Hence,
x—"75

10

From the table for ®(z), we have that ®(1.28) ~ 0.8997. Thus, z =
10 % 1.28 + 75 = 87.8, which means he/she must score at least 87.8.

(b)

o( ) = 0.90

X-=7 x-75
<

a 10 10

) =0.95 and ®(1.59) ~ 0.9441 = z = 90.9.

X-=-7 z=-T5
<

a 10 10

) =0.98 and ®(2.06) ~ 0.9803 = x = 95.6.



6. Assuming Z = X —pu, then Z ~ N(0,0?) and we are looking for E[Z™].
The odd moments of Z are 0 because f(—z) = f(z). Differentiating k

times the identity
oo
/ p—os? _ T
oo o
This yields

ok —aw? IXx3x--ox(26—1) T
IR = ok 2k +1

and with o = 1/202. Therefore,

) 0 n=2k+1 _
E<Z>_{1x3x---x(n—1)a" = 2k E=1,2,...

7.
n+1
PX| =n) = Pln < X < n+1) = / AeNd = (e M) (1— e ),
This is the probability function of a geometric random variable with
parameter p = 1 — e,
8.
P(X - E(X)| =2 20x) = P(|X - 1§| 2%) o,
= P(X—§ZX)+P(X 5 < X)
= PX>35)+PX< ,\)
e BN 10 = e =0.049787

9. If F' denotes the probability distribution function of Y. If ¢ <0, then
F(t)=0. For t >0,

F(t) = PY<t)=P(X?<t)=P(—Vt< X <\Vt)
= O(Vt) - o(—Vt) = (Vi) — [1 — (V)] =20(VE) — 1.

If f denotes the PDF of Y. For t <0, f(¢t) = 0. For t > 0,

T P IS BTN () RS Vo€ ) s
f6) = F() =20 (Vi) = et = gt = 2

where /7 = T'(1/2), so Y is gamma with parameters A\ = 1/2 and
r=1/2.



10. (a) F(z) = aFy(x) + BF:(x), where

and

Jrgasgacgas
e

a = Pr{Xis discrete}

=Pr{X=1X=
=o(=1)+ (1 - 2(1))

B3 =1-—a=0.6826.

0 < —1
Fi(z)=¢ 05 —-1<z<1
1 r>1
0 < —1
Rl = { MRS 1<t
1 r>1
F'(z)

0.3174[0.5 §(z + 1) + 0.5 5(x — 1)] + 0.6826(

05
0.4
0.3

0.2

T

~1}

=2(1 — ®(1)) = 0.3174.

o(z)
0.6526

Mu(z +1) —u(z — 1))

<0) =o(0)=1/2.

<0) =®(0)=1/2.

<1) =a(1).

<1) =PX<D)+P(X=1)=0(1)+1-d(1) = 1.



Var(X)

& 1

S (@) do

[25,0.1587[6(x + 1) + 6(z — 1))z d=
+ 25 wg(@)[u(z + 1) — u(z — 1)|da
0+ [, xg(x)da

0.

JZoe 7w f (@) d

[, 0.1587[6(z + 1) + 6(z — 1)]a? da
+ [ 22 (x)[u(z + 1) — u(z — 1)]dz
2% 0.1587 + [, 2%¢(z)dw

0.3174 + 1, p(x)'de + [, ¢(x)da
0.5
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Figure 1: Question 2
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