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1. If I =
∫

∞

−∞
e−x2/2dx , then

I2 =
(

∫

∞

−∞
e−x2/2dx

) (

∫

∞

−∞
e−y2/2dy

)

=
∫

∞

−∞

∫

∞

−∞
e−(x2+y2)/2dx dy.

Therefore,we can change the variables to polar coordinates, where x =
r cos θ and y = r sin θ and dx dy = r dr dθ. We have

I2 =
∫

∞

0

∫ 2π
0 e−r2/2r dr dθ =

∫

∞

0 e−r2/2
(

∫ 2π
0 dθ

)

dr

= 2π
∫

∞

0 re−r2/2 dr = 2π
[

−e−r2/2
]

∞

0
= 2π.

Thus, I =
√

2π and
∫

∞

−∞
φ(x) dx = 1.

2. See Figure 1.

3. Let g be the density function of |X − µ|. g(t) = 0 if t < 0; for t ≥ 0,

g(t) =
∑

i

f(xi)|
dxi

dt
| = 2 × 1

σ
√

2π
exp (

−t2

2σ2
)

Therefore,G(t) = 0 if t < 0 and for t ≥ 0

G(t) = 2 Φ(
t

σ
) − 1.

Hence,

E(|X − µ|) =

∫

∞

0
tg(t)dt.
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substituting u = t/σ, we obtain

E(|X − µ|) =

∫

∞

0

2σ√
2π

ue−u2/2du = σ

√

2

π
.

4. Assuming that the chest sizes has normal distribution, the mean is 40
and the σ can be found, using the inflection points information,

42.5 − 40

σ
= 1 ⇒ σ = 2.5.

If p is the probability that a random soldier has a chest more than 40
inches, then

p = P (X ≥ 40) = P (
X − 40

2.5
≥ 40 − 40

2.5
) = P (

X − 40

2.5
≥ 0) = 0.5.

Therefore, the probability that form 50 randomly selected soldiers, 10
had a chest size of a least 40 is:

(

50

10

)

(0.5)10(0.5)40.

5. (a)We want to find x so that P (X ≥ x) = 0.10 or P (X < x) = 0.90.

P (
X − 75

10
<

x − 75

10
) = 0.90

Hence,

Φ(
x − 75

10
) = 0.90

From the table for Φ(x), we have that Φ(1.28) ≈ 0.8997. Thus, x =
10 ∗ 1.28 + 75 = 87.8, which means he/she must score at least 87.8.
(b)

P (
X − 75

10
<

x − 75

10
) = 0.95 and Φ(1.59) ≈ 0.9441 ⇒ x = 90.9.

P (
X − 75

10
<

x − 75

10
) = 0.98 and Φ(2.06) ≈ 0.9803 ⇒ x = 95.6.
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6. Assuming Z = X−µ, then Z ∼ N(0, σ2) and we are looking for E[Zn].
The odd moments of Z are 0 because f(−z) = f(z). Differentiating k
times the identity

∫

∞

−∞

e−αz2

=

√

π

α

This yields

∫

∞

−∞

z2ke−αz2

=
1 × 3 × · · · × (2k − 1)

2k

√

π

α2k+1

and with α = 1/2σ2. Therefore,

E(Zn) =

{

0 n = 2k + 1
1 × 3 × · · · × (n − 1)σn n = 2k

k = 1, 2, . . .

7.

P (⌊X⌋ = n) = P (n ≤ X < n+1) =

∫ n+1

n
λe−λxdx = (e−λ)n(1−e−λ).

This is the probability function of a geometric random variable with
parameter p = 1 − e−λ.

8.

P (|X − E(X)| ≥ 2σX) = P (|X − 1
λ | ≥ 2

λ )
= P (X − 1

λ ≥ 2
λ) + P (X − 1

λ ≤ − 2
λ)

= P (X ≥ 3
λ) + P (X ≤ − 1

λ)

= e−λ(3/λ) + 0 = e−3 = 0.049787

9. If F denotes the probability distribution function of Y . If t ≤ 0, then
F (t) = 0. For t > 0,

F (t) = P (Y ≤ t) = P (X2 ≤ t) = P (−
√

t ≤ X ≤
√

t)

= Φ(
√

t) − Φ(−
√

t) = Φ(
√

t) −
[

1 − Φ(
√

t)
]

= 2Φ(
√

t) − 1.

If f denotes the PDF of Y . For t ≤ 0, f(t) = 0. For t > 0,

f(t) = F ′(t) = 2· 1

2
√

2
Φ′(

√
t) =

1√
t
· 1√

2π
e−t/2 =

(t)−1/2

√
2π

e−t/2 =
1
2e−t/2(1

2t)−1/2

Γ(1/2)

where
√

π = Γ(1/2), so Y is gamma with parameters λ = 1/2 and
r = 1/2.
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10. (a) F (x) = αFd(x) + βFc(x), where

α = Pr {X is discrete} = Pr{X = 1,X = −1}
= Φ(−1) + (1 − Φ(1)) = 2(1 − Φ(1)) = 0.3174.

β = 1 − α = 0.6826.

and

Fd(x) =







0 x < −1
0.5 −1 ≤ x < 1
1 x ≥ 1

Fc(x) =







0 x < −1
Φ(x)−0.1587

0.6826 −1 ≤ x < 1
1 x ≥ 1

(b)

f(x) = F ′(x)

= 0.3174[0.5 δ(x + 1) + 0.5 δ(x − 1)] + 0.6826( φ(x)
0.6826 )[u(x + 1) − u(x − 1)].
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(c)

P (X < 0) = Φ(0) = 1/2.
P (X ≤ 0) = Φ(0) = 1/2.
P (X < 1) = Φ(1).
P (X ≤ 1) = P (X < 1) + P (X = 1) = Φ(1) + 1 − Φ(1) = 1.
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(d)
E(X) =

∫

∞

−∞
xf(x) dx

=
∫

∞

−∞
0.1587[δ(x + 1) + δ(x − 1)]x dx

+
∫

∞

−∞
xφ(x)[u(x + 1) − u(x − 1)]dx

= 0 +
∫ 1
−1 xφ(x)dx

= 0.

V ar(X) =
∫

∞

−∞
x2f(x) dx

=
∫

∞

−∞
0.1587[δ(x + 1) + δ(x − 1)]x2 dx

+
∫

∞

−∞
x2φ(x)[u(x + 1) − u(x − 1)]dx

= 2 ∗ 0.1587 +
∫ 1
−1 x2φ(x)dx

= 0.3174 +
∫ 1
−1 φ(x)′′dx +

∫ 1
−1 φ(x)dx

≈ 0.5

5



−10 −5 0 5 10
0

0.5

1
µ=0, σ=1

−10 −5 0 5 10
0

0.5

1
µ=0, σ=1

−10 −5 0 5 10
0

0.5

1
µ=1, σ=1

−10 −5 0 5 10
0

0.5

1
µ=1, σ=1

−10 −5 0 5 10
0

0.5

1
µ=1, σ=1/2

−10 −5 0 5 10
0

0.5

1
µ=1, σ=1/2

−10 −5 0 5 10
0

0.5

1
µ=1, σ=2

−10 −5 0 5 10
0

0.5

1
µ=1, σ=2

Figure 1: Question 2
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