
ECSE 304-305B Solutions to Assignment 9 Winter 2007

Solution 9.1

(a)

If ρ = 0, then

fX,Y (x, y) =
1

2πσ1σ2

exp

{

−1

2

[(
x − m1

σ1

)2

+

(
y − m2

σ2

)2
]}

=
1√

2πσ1

exp

{

−(x − m1)
2

2σ1

}

· 1√
2πσ2

exp

{

−(y − m2)
2

2σ2

}

= fX(x) · fY (y).

Hence, X and Y are independent.

(b)

P [XY > 0] = P [X > 0, Y > 0] ∪ P [X < 0, Y < 0]

= P [X > 0, Y > 0] + P [X < 0, Y < 0] + P [X > 0, Y > 0] ∩ P [X < 0, Y < 0].
︸ ︷︷ ︸

= ∅

Since m1 = m2 = 0, ρ = 0, X and Y are zero mean, independent Gaussian random variables.

Hence

P [X > 0, Y > 0] = P [X > 0]P [Y > 0] = 1/4

P [X < 0, Y < 0] = P [X < 0]P [Y < 0] = 1/4,

and P [XY > 0] = 1/4 + 1/4 = 1/2.

(c)

R1,1 := E(X − m1)
2 = σ2

1

R2,2 := E(Y − m2)
2 = σ2

2

R1,2 := E(X − m1)(Y − m2) = EXY − m1m2

since EXY = ρσ1σ2 + m1m2,

R1,2 = ρσ1σ2 = R2,1.
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then for n = 2,

(2π)n/2|detR|1/2 = 2π

∣
∣
∣
∣
∣
∣

det




σ2

1
ρσ1σ2

ρσ1σ2 σ2

2





∣
∣
∣
∣
∣
∣

1/2

= 2π
(
σ2

1
σ2

2
− ρ2σ2

1
σ2

2

)1/2

= 2πσ1σ2(1 − ρ2)1/2.

Solution 9.2

(i)

fX,Y (x, y) =
1

2π|ΣX,Y |
1

2

exp






−1

2
(x, y)Σ−1

X,Y




x

y











=
1

2π
√

3
exp

{

−1

3
(x2 + y2 − xy)

}

(ii) From ΣX,Y , we know ρX,Y = 1

2
.

(iii)

µU,V =
1√
2




1 1

−1 1



µX,Y +




2

−1



 =




2

−1



 ;

ΣU,V =
1√
2




1 1

−1 1



 ΣX,Y




1 −1

1 1




1√
2

=




3 0

0 1



 .

(iv) From ΣU,V , we know ρU,V = 0.

(v) Since



U

V



 ∼ N (µU,V , ΣU,V ) ,

we have

fU,V (u, v) =
1

2π|ΣU,V |
1

2

exp






−1

2

[
(u, v) − µT

U,V

]
Σ−1

U,V








u

v



 − µU,V











=
1

2π
√

3
exp

{

−(u − 2)2

6
− (v + 1)2

2

}
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Solution 9.3

From

1

2π
exp

{

−z2 − 2zw + 2w2

2

}

=
1

2π
exp



−1

2
(z, w)




1 −1

−1 2








z

w









=
1

2π
exp



−1

2
(z, w)




2 1

1 1





−1 


z

w







 ,

we know

µZ,W =




0

0



 , and ΣZ,W =




2 1

1 1



 .

Since



X

Y



 =




2 −3

0 4








Z

W



 ,

µX,Y =




2 −3

0 4



µZ,W =




0

0



 =




m1

m2



 , and

ΣX,Y =




2 −3

0 4



 ΣZ,W




2 −3

0 4





T

=




5 −4

−4 16



 =




σ2

1
ρσ1σ2

ρσ1σ2 σ2

2



 = R,

with σ1 =
√

5, σ2 = 4, ρ = − 1√
5
, and det R = 64.

Hence

fX,Y (x, y)

=
1

2πσ1σ2

√

1 − ρ2
exp







−

[(
x−m1

σ1

)2

− 2ρ
(

x−m1

σ1

)(
y−m2

σ2

)

+
(

y−m2

σ2

)2
]

2(1 − ρ2)







=
1

16π
exp

{

−16x2 + 8xy + 5y2

128

}
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