ECSE 304-305B Solution to Assignment 1 Winter 2008

Question 1.1

Solution:

P(F,NFy) = P(FaNFsNF)U(FyN FyNFY))
= 0.004 + 0.023 = 0.027
P(FY) = P((FYN(F2NF3)) U (F7 N (F2 N F3)°))
= P(FifN(FyaNFy))+ P(FY N (FyNF3)9))
= 0.023 4 0.011 = 0.034

P(FY) = 1—P(F)=1-0.034 =0.966

Since all information given about F; or Fj appears in probabilities involving (Fy N F3), (Fy N
F3)¢, Fy, FY, it is not possible to separately compute P(F5) or P(F3).

Question 1.2

Solution:

S={H,THT°H,...,TN"'H,..}

(a)

i) The events H, TH,T?H, ..., TV"'H,... C S are disjoint since 77 H occurs only if T°H, i < j,

does not occur and then 7" H, k > J cannot occur.

ii) No. Since the first union is sample space S and the second set £(S) is the set of all subsets of

S.

(b) BE (Branding Experiment) stops at the outcome of n-th toss if and only if 7"~ H occurs, where

P(T"'H) = P(T)"*P(H) = (3)"~' (by independence) Hence BE stops at the outcome of the

n-thtoss, n < N, if BN = HUTH U ... UTN"'H occurs, By axiom 3, £V has probability

- 1-(5)Y
PEV) =i+ @i+ + @O i=1x T =1-"

(c) The events { H, TH, T*H,...,TN~*H, ...} are not pairwise independent since they are disjoint,
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or events T°H, T'H, 0 < i < j < oo are not independent since 0 = P(T°H NT'H) #
P(T'H)P(TIH) = (3)i711(2)i711 0 < i < j < o0
(d

1) The probability that the experiment BE stops after an odd number of tosses is:

ii) Let A = {The experiment BE stops after an even number of tosees }

and B = {The experiment BE stops after an odd number of tosees} then we have
P(S)=P(A)+ P(B) = 1.

Therefore, P(A) =1—P(B)=1—2 =2
Question 1.3
Solution:

(a) The sample space for this experiment where the outcome is taken to be pair (77, 7%) is shown
in Fig. 1.

(b) The region A of the plane corresponding to the event “student is awake at 9pm” is shown in
Fig. 2.

(c) The set B in the plane corresponding to the event “student is asleep more time than the student

is awake” is shown in Fig. 3.

(d) The region corresponding to the event D = A°N B, which means “student is not awake at 9pm

and the student is asleep more time than being awake” is shown in Fig. 4.

The probability of the event D is

152 -1 3241 %92
Pp =2 A ~ 0.516
3 X 24




24

24

Figure 1: Question 1.3 (a): sample space S.
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Figure 2: Question 1.3 (b): region corresponding to the event A.



Figure 3: Question 1.3 (c): region corresponding to the event 5.
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Figure 4: Question 1.3 (d): region corresponding to the event D = A° N B.



Question 1.4

Solution:

1) P(A?) =limy, o0 = > op_; Indi(A°) = limy, oo = 307 [1 — Indi(A)] =
1 — [limy o + >3y Indi(A)] =1 — P(A).

ii) Ind,(A) =0or 1, and Ind,(B) = 0or 1, so

0< lim — andk A) <1,

n—oo M
k=1

k=1
Since
Indy(A) = 1= Indy(B) =1,
then
liyxum<1§ifdw
— n —
n k = nag
k=1 k=1
and so

1
fim, 5 2 Indel4) < Jim o Z fndu(B
therefore 0 < P(A) < P(B) < 1.

iii) Let (AB)y, etc., denote (A N B)y, etc., then

¢ ) ( ) (

1 on (AB)y, 1 on (AB)y,
1 (ABy, 1 (AB,
Ind,(AUB) = Indi(A) < +Indy(B)
1 (A°B)y, 0 (A°B)y,
| 0 (4B | 0 (A“B). \

( 1 on (AB)g,

0 (AB),
—Indy(AN B) (A5

0 (A°B)y,

| 0 (4B

o = O =

on (AB)g,
(AB)s,
(A°B)y,
(A°B°);.




So

n—oo M n—oo N n—oo M,

IS 1 ¢ IR 1 ¢
lim — Ind,(AUB) = lim — Indg(A)+ lim — Ind,(B)— lim — Ind,(ANB
im kz; ndp(AUB) ningon; ndi(A)+ lim ; ndi(B)— lim kz; ndy( )

therefore

P(AUB)=P(A)+ P(B) — P(AN B).
We note that in the calculation above, Indy(A N B) = Ind,(A).Indy(B).
Question 1.5
Solution:

Define the events W;, Wi, and Wi as the candidate winning districts I, IT and III separately; we
seek the probability P(W; N W NWiy). Ttis known that P(W; N W) = 0.55, P(W§NW;) =

Hence

P(W[ﬂW[}ﬁW[I[) = P(W[ﬂW[}[) —P(WIHWICIQW[[[)
= PWinN W) — [PWrnWpp) = PIWr W 0 Wipp)]
= 0.55—-0.35+0.15

= 0.35.



