
ECSE 304-305 Solutions to Assignment 9 Fall 2008

Solution 9.1

(a)

If ρ = 0, then

fX,Y (x, y) =
1

2πσ1σ2

exp

{
−1

2

[(
x−m1

σ1

)2

+

(
y −m2

σ2

)2
]}

=
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2πσ1

exp

{
−(x−m1)

2

2σ1

}
· 1√

2πσ2

exp

{
−(y −m2)

2

2σ2

}
= fX(x) · fY (y).

Hence, X and Y are independent.

(b)

P [XY > 0] = P [X > 0, Y > 0] ∪ P [X < 0, Y < 0]

= P [X > 0, Y > 0] + P [X < 0, Y < 0] + P [X > 0, Y > 0] ∩ P [X < 0, Y < 0].︸ ︷︷ ︸
= ∅

Since m1 = m2 = 0, ρ = 0, X and Y are zero mean, independent Gaussian random variables.

Hence

P [X > 0, Y > 0] = P [X > 0]P [Y > 0] = 1/4

P [X < 0, Y < 0] = P [X < 0]P [Y < 0] = 1/4,

and P [XY > 0] = 1/4 + 1/4 = 1/2.

(c)

R1,1 := E(X −m1)
2 = σ2

1

R2,2 := E(Y −m2)
2 = σ2

2

R1,2 := E(X −m1)(Y −m2) = EXY −m1m2

since EXY = ρσ1σ2 +m1m2,

R1,2 = ρσ1σ2 = R2,1.
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then for n = 2,

(2π)n/2|detR|1/2 = 2π

∣∣∣∣∣∣det

 σ2
1 ρσ1σ2

ρσ1σ2 σ2
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∣∣∣∣∣∣
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= 2π
(
σ2

1σ
2
2 − ρ2σ2

1σ
2
2

)1/2
= 2πσ1σ2(1− ρ2)1/2.

Solution 9.2

(i)
fX,Y (x, y) =

1

2π|Σ| 12
exp

−1

2
[x, y] Σ−1

X,Y

 x

y


=

1

2
√

3π
e
−1
3 (x2−xy+y2)

(ii) from 1(c)

2π|R|
1
2 = 2πσ1σ2

√
1− ρ2

where σ2
1 = 2, σ2

2 = 2 and |R| = 3. This yields ρ = 1/2.

(iii)

µU,V =

 1√
2
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=
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Let A =

 1 1

−1 1


cov(U, V ) = cov

(
1√
2
AX,

1√
2
ATY

)
=

1

2
Acov(X, Y )AT

=

 3 0

0 1
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(iv) ρU,V = 0

(v)

fU,V (u, v) =
1

2πσuσv
exp
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u
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]
Solution 9.3

(a)

P (NT3 = n3, NT2 = n2, NT1 = n1) = P (NT3 = n3|NT2 = n2, NT1 = n1)P (NT2 = n2, NT1 = n1)

= P (NT3 = n3|NT2 = n2, NT1 = n1)P (NT2 = n2|NT1 = n1)P (NT1 = n1)

= P (NT3−T2 = n3 − n2)P (NT2−T1 = n2 − n1)P (NT1 = n1)

=
λn3(T3 − T2)

n3−n2(T2 − T1)
n2−n1(T1)

n1e−λT3

(n3 − n2)!(n2 − n1)!(n1)!

(b)

P (NT1 = n1|NT2 = n2) =
λn2−n1(T2 − T1)

n2−n1e−λ(T2−T1)(n2−n1!)

(n2 − n1)!

λn1T n1
1 e−λT1

(n1!)

n2!

(λT2)n2e−λT2

=

(
n2

n1

)
((
T1

T2

)n1(1− (
T1

T2

))n2−n1

(c)

P =

∫ T

0

L∑
l=0

γL−l(T − t)L−le−γ(T−t)

(L− l)!
λltle−λt

l!
µe−µtdt

(d)

P =

∫ T

0

λTL

L!
e−λTµe−µt
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