ECSE 210: Circuit Analysis

Lecture #9: Second Order Circuits



Example 3: Critically Damped

C=0.125F R.=100 @
L=2H R,=80)
,(0)=0.54
v.(0)=1V
di +

KCL i(1))=C—+—

M LE‘FRIZ.‘FV:O
, v.(0) =
dv v i (0) T L O C
dt R,

Combine two first order ODE’s into one
second-order ODE in v(?) and solve.



Example 3: Critically Damped

kL L4 Rivv=0
dt
dv v
KCL i(t)=C—+—
KCL ()= dt R,
di dv 1 dv

—=C—+
dt dt R, dt

d*v 1 dv dv v
Ll C +R| C—+— |+ 0
KVL [ i’ R, dtj 1[ dt sz .

i

d’v (1 dv [R+R,) _,
i RC L dr R,LC




Example 3: Critically Damped

2
e
’ A
/dz (1) dx(t)
X X
Q+6ﬂ+9v 0 D 20250 4 2x(1) =0
dt dt dt dt

Damping coefficient « =3
Resonant Frequency o, =3
—> Critically damped response
s°+65+9=0
- Roots A,=-3 and A,=-3. The roots are real and equal



Example 3: Critically Damped

C=0.125F R,=10Q @
L=2H R,=8Q
i,(0)=0.54 R,
v.(0)=1V
+

v(t)=Ce™ +C,te™
w(0)=C, =1V i, (0) T% 07 c "0 2R

d‘;(tt) —-3Ce™ = 3C,te” + C,e”™ =

dv(0)
dt

=-3C, +C,




Example 3: Critically Damped

C=0.125F  R,=10Q  ,(0)=0.54 @
L=2H R,=8Q  v.(0)=1V
R
MO _ 3¢ ¢, |
dt
KCL C v + =0 . *
dt R,

. X(
dv(O):_v(O)+i(O):_1+4:3ZL(O)T L V(_)/\C

dt ~ CR,

—3C1+C2=3 —

C =1 C,=6
> v(t)=e ' +6te” V



Example 3: Critically Damped

Volts

v(t) (Volts)

1.4

0.5 1 1.5 2 2.5
Time (s)

> v(t)=e +6te™

Seconds



Example 3: Critically Damped

C=0.125F R,=10Q
| =2H R,=8Q
i(t)="?
i(t)=Ce™ +C,te™
i(0)=C, =0.5
di(0) =-3C, +C,
dt
di
KVL [ —+Ri+v=0
dt
di(0) _ R v(O)
( )———
dt

i,(0)=0.54
v.(0)=1V

i (0) T% ] v, (0) TN C (1)

=-3

@




Example 3: Critically Damped

Amps 0.6
0.5

0.4

it) (A)

Seconds

0 0.5 1 1.5 2 2.5 3
Time (s)

> i(t)=0.5¢"" -1.5te™ t>0



Back to Example 1: Overdamped

>
R=20  j (0)=—14
L=5H

. =N c=o2F  V(O)=4V

> v(t)=2e+2e" V
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Back to Example 2: Underdamped

i(t)

4 T T T T T ———
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Back to Example 2: Underdamped

Volts

8

0.5 1 1.5 2 2.5 3

= v (1) =—4e > cos(4t)+22e ' sin(4t) V

Seconds

t>0



The Forced Response

Recal: x(¢)=x, —I—xf

Solves: x(t) — + a,.x= f(t
7 dt X = f(2)

Where:

- x, Is the homogeneous solution or the natural response

~ x,is the particular solution or the forced response

How is x.determined? - Guessing method.



Common Guesses for x;

S () x (1)
k A
{ At+ B
£ At> + Bt +C
e” Ae”
sin(bt), cos(bt) Asin(bt) + B cos(bt)

e’ sin(bt),e” cos(bt)

e (Asin(bt) + B cos(bt))



Example: Forced Response

R L l_(t,)
R=6Q  ; (0)=44 MW— Q8L
bbb +
L=1H n I C —
c=0.04F Ve(0)=—4V <‘>12u(t)(V) -]
di =
KWL Ri+L—+v, =12 t>0
dt
dv di d’v
KCL j(t)=C—~ > —=C—¢ t>0
) dt d  dt’
2
Combine two equations: RC CZI’C +LC Cil‘;c +v =12
t t

d’v, Rdv, 1 12

2C + _|_ vc e S
dt L d LC LC




Example: Forced Response

R L l_(t,)
R=6Q  ; (0)=44 MWW— 0 +
L=1H n l_L> C ——
c=0.04F V.(0)=—4V <'>12u(t)(V) T Ve
dv R dv 1 12 T
- ——+—y = — =

g L dt LC ° LC

d’ d

d;c 16 ;; +25v, =300
“ ~ —/ \ Now we have a forcing function.

Same as Lecture 8

v.(H)=v,+v,



Example: Forced Response

The natural or homogeneous solution has the form (see Lecture 8):
v (t)= Be™ cos(4t)+ B,e™ sin(4r)
The particular solution or forced response has the form (see Table):

Vf (t) = A  aconstant

Therefore the total solution is:

v (1)= A+ Be ' cos(4t) + B e " sin(4t)

Find the three constants!



Example: Forced Response

R L i(2)
R=6Q j (0)=44 MWW—RY—— .
L=1H L _’iL oL
c=0.04F Ve(0)=—4V <'>12u(t)(V) T Ve

v.(t)= A+ B, cos(4t)+ B,e ' sin(4t) 1
v.(0)=A+B =-4
VC(OO) =A4=12 = B1 =—16

dv (0)
;’ =3B +4B,
[
3B +4B =100
Cdv (0) ; dv (0) i (0) 00 SOt z
C — 7 S — —
L AC) - > B =13



Example: Forced Response

Volts

DEa NG
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Time (s)

v (1) =12—-16e™ cos(41) + 13e " sin(4¢)



Example: Forced Response

+ C +
-l— S
24V Ver T
_ g
0 . = R,=10Q
l —
KVL L—+Ri+v=24 Ry=2Q2
dt L=2H
KCL  i(t)=C av +
= C=0.25F
dt R,

. . dv’ 1 R | dv R +R 24
Combining equations +[ n 1) +( 1 2] y = —
d' \RC L/ di R LC LC



Example: Forced Response

dv 1 dv R +R, v—ﬁ
dar RC L dt R,LC LC

2
‘Zz +7CZ+12V:48

v(t)=v,+v,
/ \ Solution of homogeneous equation

Forced response (constant in this case)

Homogeneous equation ‘ dl+7ﬂ+12v 0

dt’ dt



Example: Forced Response

2
Homogeneous equation ‘ %+7§+12\; =0
t t

Characteristic equation ‘ s’ +7s+12=0

Roots ‘ A =-3 A, =4 ‘ Overdamped Response

-3t —4t
The natural response has the form:  V,, = C1e T C2€

The total response has the form: v(t) — 44 Cle_3f 4 Cze—‘”

Find constants:

2
At steady-state derivatives av- 47 av +12v =48

. . 2
are zero (or use circuit) e dt

W(oo)=A=4



Example: Forced Response

O
+ C +
_|_ ——
(])241/ V. A~ R, v(¢)
_ -
. B = R,=10Q
v(t)=A+Ce ™ +Ce R,=20)
A v(o)=A=4 Switch in position 2 L=oH
v(0)=A+C,+C, =2 Switch in position 1 C=0.25F
dv(0 ]
v(0) 30 _ac a’v(O):z(O)_v(O):O 4\ 3C, —4C, =0

. dt C CR,

Ne -8 c,=6
Top equation KCL at + output ! ’



Example: Forced Response

Volts
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Time (s)

v(t)=4—-8e™ +6e™"

Seconds



