ECSE 210: Circuit Analysis

Lecture #6: RL/RC circuits

Example: RL Circuit

RL Circuits

120

- Find v(¥) for >0

20

- Follow six step procedure from Lecture 7

Step 1: .
Assume solution of the form: v(¢)=C, + C,e

R . ;
i X—'
J’_
v, L i) — O, Re vi(1)
- —_ I L -
v=i R
KVL - -
di(t . -
L£+Rsl(l‘):vs =) M+&i(t)=£
dt d L L
ot L
i(ty=C,+Cye To=—
RS
C, and C, are determined from the boundary conditions
RL Circuits Example
12Q2
Step 2:
Calculate the steady + V() - 1Q
state inductor MWW
current at i,(0") . IS S ARG
(Inductor is short- ‘ X71=0 20
circuited, switch is 24V
still open) T

- 12Q resistor is shorted out by the inductor.
24y

e . |

4Q+6Q(1Q +20Q)

6Q
6Q+3Q

- Current in 4Q resistor is:

- Using current divider, we get: i, (07) = 44=2.674



RL Circuits Example

12Q2
Step 3:
Calculate v(0%) .
(Inductor is replaced
by current source,
switch is closed)

1Q

20

=

-> Define nodal voltage v, at node a

—-24 Y
KCL at node a: a 267=0 =) v =667V
0 ea|no a

= v(0')=24-6.67=17.33V

RL Circuits Example

RL Circuits Example

120

Step 6:

Calculate the time
constant T,

1Q

2Q
R, =4Q6Q[12Q=2Q JT_
4H
L=557% 24v 1
! 17.33V

v(t) =24-6.67¢ 2

~V

120

Step 4:
Calculate v () . + v - | 1Q
MWW

(Inductor is replaced
by short circuit, 40 1
switch is closed) 2Q
24V 602
—

V(o) = 24V

Step 5:
Calculate constants:  C, =v(0) =24V

C, =v(0")—v(0) =—6.67V

RL Circuits Example

v(t)

120
What about ¢<0?
-> Switch is open, + v - 1Q
inductor replaced WW
by short circuit I 4
t=0
X 20
24V 6
—
40 -

= 24V =16V ;t<0
4Q+6Q | (1Q+2Q)
24

A

17.33V|
16V

v



Step Function

Example: Step Response

0 :t<0
)=
u(t) 1 ;t>0

u(t) A

u(H-u(t-,) 4

lj X

Example: Step Response

i 6Q
Find the step response i(1) l—’—fwv\,—

Step response 1/20F

] B e (e

+ v - 90

v=u(t) Volts Ve

Assume solution of the form: i(¢) = C, + C,e

For t<0 the steady state capacitor voltage is v, =0
For t=0* Capacitor is replaced by a voltage source =v =0V
- i(0") =0A

Example: Step Response

i 6Q2

—>

Find the step response i

90

=

At =0 open circuit Capacitor

i = 4 o 037ma
40+12Q(6Q+9Q)  10.67

12Q

=———93.7mA =41.7mA
12Q+15Q

i(0)

i 6Q
—>

Find the step response i

C1 = i() = 41.7mA

C =i(0)—i(o)=—-41.7m
L= i(0) = i(0) 90

R, = (4Q12Q+9Q) | 6Q = 4Q
T.=R,C=(4Q)(1/20F)=0.2s

The step response is: i(f)=(41.7-41.7¢ *)md



Example with an Input Pulse

Find the response v (t)

Example with an Input Pulse

6kQ 4kQ
For t<0 W\ o 4
_ +
vo(1)=0V VR 8kO Vo(t)
v,(0)=0V w(t) _ | 10OuF i
o
For t=0+
Replace capacitor with v(t) (V)
Voltage source = 0V 9 t
v,(09)=0V .
0.3 t(s)
Example with an Input Pulse
Find the response v (t)
6kQ 4kQ
J W\ o 4
8kQ Vo)
V(t) T« Rth 0
o -

R, = 6kQ|| (4kQ +8kQ) = 4k
T = (4kQ)(100uF) = 0.4s

t

v (t)=4-4e 0417 ;0<t<03s

Find the response v (t)

6kQ 4kQ
For t=0 MWW © 4
Replace capacitor with +
open circuit Vo= 8kQ vo(t)
% “Toour
o -
8kQ2
= OV =4V
%)= ks 4k Sk
C, =v(0) =4V

C, =v(0")—v(w0) =4V

Example with an Input Pulse

6kQ 4kQ

AN o .
+
For t=0.3- Ve 8kQ Vo(t)
LS % ) TlOOuF

03 )
v, (0.3 )=4—4e 04 =2 11V o

- What happens before t=0.3s?

By voltage divider: v(t) (V)
8 A
v = v 9
° 448 ¢ >
3 0.3 t(s)
vV =—v

c o

2

3
v (0.3)=—2.11V =317V
¢ 2




Example with an Input Pulse

Example with an Input Pulse

6kQ
- What happens after t=0.3s? 4k

- Assume solution:

For t=0.3*

WW
Q% 8kQ
ov 317V

©+ =03
— Tc .
Vo(t) Vo(t) = Cj1 + C2€ > 0.3s
o - v (0)=C =0V

Replace capacitor with voltage source:

8
v(03)=—"317=211V
’ 4+8
For t=0

Replace capacitor with open circuit:

va(oo) =0V

Example with an Input Pulse

v (03)=C +C, =C, =211V
R =6k || (4kQ2+8kQ) = 4kQ)
T. = (4kQ)(100pF) = 0.4s

t-0.3

Vo(t) — 2.1187 0.4 ;> 0.3s

Exponential Input

0 ;<0
_t
v.(1) = 4—4e 04V ;0<t<0.3s
_1=03
2.11le %4 ) ;1> 0.3s
v (V)|
4v
2,11V
0.3s t(s}

So far we have looked at:

%+ ax(t)=A wmmp x(1)=C,+C,e”

C,e " solves the homogeneous equation

- Called the natural response

C, is a particular solution to the ODE

- Called the forced response

- C, and C, are determined from the boundary conditions.



Exponential Input

Now consider:

dx(t ,
X(t ) ax()= A, mmmlp  x(t)=Ce " +C,e™

C,e ™ solves the homogeneous equation

- Called the natural response

C,e"is a particular solution to the ODE

- Called the forced response

Example:Exponential Input

Example: Exponential Input

av,(t) o
5 +8v, () =48’ 5kQ ,

T,. = (5kQ)(25 uF ) = %s __|_

v.(t)=6e”'V 25uF
v.(t)=Ce ™ +C,e™

Substitute v, into ODE

—~2Ce™" —8C,e™ +8C,e ™ +8Ce™ =48
Equate coefficients of e

=) C =8

Assume: 5kQ
v,(07) = - 187 "
_ g2
vi(H)=6e"u(t) V v (H)=6e""u(t) V 25uF =<
KCL at top right node:

Vo(t)_vs(t)+cdvo(t)=0 ;[>0
R dt

P gy, (1) = 486
di

> |, ()= Ce +Cpe ©

Example: Exponential Input

5kQ
v,(0")=—18V =C, +C, —"

v.(t)=6e”'V 25uF =<
C,=-26

[vo (1)=8e> =26V  ;t>0 ]




