ECSE 210: Circuit Analysis

Lecture #23:
Bode Plots

Complex Poles



Complex Poles and Zeros

In general, network functions can be expressed as the
ratio of two polynomials 1n s:

N(s) a,s"+a, 8" +L +as+a,
D(s) bs"+b s +L +bs+b

H(s)

_ K, (s—z)s—2z)L (s—2z,)
(s—p)s—p,)L (s—p,)

— The roots of the numerator and denominator can be
complex, resulting in complex poles and zeros.



Complex Poles and Zeros

]
2 2
s +20w, s+,

H(s) =

The roots of the denominator are:

p1,2 — _é/a)o ia)o Vé/z _1
>1 mmm) Two real poles

¢ =1 mm)> Two real and equal poles
(a pole of multiplicity 2)

¢ <1 EE) Two complex poles



Complex Poles and Zeros

Example 1
H(S) —
s"+10s+100

P, =—Cw, t @, —1==5% j1041-0.25

Piy=—5%j8.6 b

H(s) :

X

A Im

T (s+5+ j8.6)(s+5— j8.6)

- Treat the two complex conjugate poles
simultaneously as a pair. P>

Re



Complex Poles and Zeros

Low frequency asymptote:

W << o, —> ‘H(ja))‘dB ~ 2010g£
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Complex Poles and Zeros

High frequency asymptote:

>0, == H(jo) ~ ZOlog(éj =—40log(w)
40dB
20dB \\
0dB -40dB/dec
—20dB
—40dB

0.0lw, 0.lo, o 100, 100w,
9,



Complex Poles and Zeros

Note that the two asymptotes intersect at o=w,

20dB

0dB

—20dB
W -40 db/decade
—40dB

s N\

0.0lw, -.lo, @ 10w, 100w,



Example

1

H(s) = — 5 @, =10rad./sec.
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Complex Poles

Maximum value of |H(jo)|

1
> 2
S + Zé/a)os + a)o

Py =60, iwo\/ﬁ
4,<1 - pl,zz—ga)oija)o\/@

H(s) =

\

|
H(jw)= I
e (]w+§a)o+jwoﬁxjw+§wo—fwoﬁ)




Complex Poles

Maximum value of H(j )|

] ]
H(s) = H(jo)=
) s’ +2lw s+ @’ ) 0 -+ j2lo o

1
(a)f—a) ) +480 0’

H(jo)| = J

Take derivative and set it to zero to find @ at maximum value.

aolhUo)=0 G



Complex Poles

d
%‘H(ﬂf))‘:o ” a):ia)o\/l—zgz

A real positive value solution for o exists at the peak only if

1
207 <1 == C<5 = <0707

Called the resonant frequency, it is the
0 = \/ 1-2£7 ' '

, 0 frequency at which the response is a
maximum.

-

N—



Complex Poles

]
2 2
s"+ 20w s+ o)

H(s) =

W =w, \/ 1-2¢7 Resonant frequency




Example 1

Draw the amplitude Bode plot for:

100
H(s) =
s* +50s + 10000
k
H(s) = - Standard form

s’ + 2w s+ .
@, =100rad./sec.

50
26w, =50 g

= =0.25
2x100




Example 1: Asymptotes

100
<< 100 201loglH 201 —40
@ —> ogq (]a))‘) Og(lOOOOj

0dB

—20dB

—40dB

0dB \ -40 db/decade

\| |
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Example 1: Asymptotes

Since ¢ =0.25<0.707 ‘ There is resonance.

The frequency at which resonance occurs (1.e., where
[H(jw)| 1s a maximum) 1s given by:

0, = w,1- 207 =1004/1-0.125 = 93 5rad./ sec.

At ® = w=93.5 rad/sec. we have: Note: w ,= 100 rad./sec.
H(jo) 1 1
H(0) 201-¢%  0.571-0.0625

2010g(2.066) = 6.3dB

=2.066




Example 1: Corrected Response

@, =93.5rd /s

-30

-35

******

-40

T T
| [
| [
| | |
| | | | | [ | | | | | |
| | | | | [ | | | | | | [

I

| | | | | [ | | | | | [
| | | | | [ | | | | | [
| | | | | [ | | | [ | [
| | | | | [ | | [ | | [ |
| | | | | [ | [ | | | [ ' ' ' |

= . T - —— -t —F—-I-t 4
| | | | | [ | | | | | | | \\\ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [

-45 ************** it Bl bl b | -—FtA4-—-—-—-—-—-—-+t - - - —-l- - - F-—F A"t -+t -—-x - XY — === —-—- -t oIt 4
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [

50 | | | | | [ | | | | | | [ | | | | | [

- - = - I — -+ —— —— - - —
| | | | | [ | | | | | | [ | | | | [
| | | | | [ | | | | | | [ | | | | [

**********************************************************************
— \\
on |
-O | | | | | | | [ | | | | | | [ | | | | | [
~ s | | | | | | | [ | | | | | | [ | | | | | | [
| | | | | | | [ | | | | | | [ | | | | | | [
_55 —————————————— - =4 = == == k- - - - - - - - - - - = - a4 - d - -+ - - - - - — - I— 2 = 4 — — - B
— | | | | | | | [ | | | | | | [ | | | | | | [
8 | | | | | | | [ | | | | | | [ | | | | | | [
- | | | | | | | [ | | | | | | [ | | | | | | [
c | | | | | | | [ | | | | | | [ | | | | | [
I | | | | | | | [ | | | | | | [ | | | | | | [
—_60 77777777777777 — 4 - = == Sy | e \77774\ RN S i R
| | | | | | | [ | | | | | | [ | \\ | | | | [
| | | | | | | [ | | | | | | [ | | | | | | [

| | | | | [ | | | | | | [ | | | | | [

| | | | | [ | | | | | | [ | | | | [

| | | | | [ | | | | | | [ | | | | [
_65 77777777777777 ) - e e e [ T e - — — 4 - — [ ) N

| | | | | [ | | | | | | [ | | | | | [

| | | | | [ | | | | | | [ | | | | | [

| | | | | [ | | | | | | [ | | | | [

| | | | | [ | | | | | | [ | | | | [

| | | | | [ | | | | | | [ | | | | | [
_70 77777777777777 R ) R B iy [ | - — — -4 _ R Lo—l— L a4

| | | | | [ | | | | | | [ | | | | [

| | | | | [ | | | | | | [ | | | | [

| | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
| | | | | [ | | | | | | [ | | | | | [
_75 77777777777777 R ) R B iy [ | - — — -4 _ ——L L 1L 1
| | | | | [ | | | | | | [ | | | | | | |
| | | | | [ | | | | | | [ | | | | | | |
|

-80 l R l A R

o (rd/s)



Example 2

Draw the amplitude Bode plot of the following transfer function:

10000
H(s) = -
s” +40s + 40000
k
H(s) = - Standard form

s’ +2lw s+

@, =200rad./sec.
40

T 0%200

2w =40 ¢ 0.1



Example 2: Asymptotes

10000
<< 200 201log((H 201 =—12dB
w —> og(] ( ]a))‘) og( 4000())

0dB
\
—20dB :
-\
a0 N | -40 db/decade

~60dB \\

1 10 100 200 1000 10000
4,




Example 2: Asymptotes

Since ¢ =0.1<0.707 ‘ There is resonance.

The frequency at which resonance occurs (1.e., where
[H(jw)| 1s a maximum is given by:

0, =m,1-2% =20041-0.02 =1987d / 5

At o = w=198 rad./sec. we have:
H(o) 1 1
H(O)| 2041-¢% 0241-0.01

2010g(5.025) =14dB

=5.025




Example 2: Corrected Response

IH(w)l (dB)

w. =198 rad./sec.
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Example 3

Draw the amplitude Bode plot of the following transfer function:

10000
H(s) =
s” +100s + 10000
1
H(s) = - Standard form

s’ +2lw s+

@, =100rad./sec.
100

T 0%100

20w =100 ¢ 0.5



Example 3: Asymptotes

w<<100 HE) 2010g(|H(ja))D; ZOlog(%j =0dB
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Example 3: Asymptotes

‘ There 1s resonance.

The frequency at which resonance occurs (1.e., where
[H(jw)| 1s maximum 1s given by:

@, = a)o\/l —2¢% =1004/1-0.5 = 70.7rad./ sec.

Since £ =0.5<0.707

At = w,= 86 rad./sec. we have:
H(jo,)| _

1 1
H(0)| 20/1-¢2 141-025

201og(1.15)=1.25dB

=1.15




Example 3: Corrected Response

w. =70.7Trd /s
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Example 4

Draw the amplitude Bode plot of the following transfer function:

10000
H(s) =
s* +160s + 10000
1
H(s) = - Standard form

s’ +2lw s+

@, =100rad./sec.
160

" 2%100

= (.8 There is no resonance.

20w, =160 ¢



Example 4: Asymptotes
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Example 4: Corrected Response

Since ¢ =0.8>0.707 ‘ There is no resonance.
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