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Lecture #20: 

Three-Phase Circuits

Frequency Response



Power Factor Correction

Balanced
three-phase
source

Balanced
load

30MVA
(total)

pf=0.8
lagging

C C C

a

b

c

n

Line voltage is 40kV rms at 60Hz.
Choose capacitors such that pf=0.9 lagging.



Power Factor Correction

The line to neutral voltage is given by:

Van =
40kV

3
= 23.09kV rms

The per-phase equivalent circuit is therefore:
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Sold = 10∠arccos(0.8) MVA

MVAo87.3610∠=

0>− IV θθ

For the old pf:
Sold = 8 + 6 j MVA



Power Factor Correction

Sold = 10∠36.87o MVA = 8 + 6 j MVA

Sold Scap
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Snew = 8 + j8tan(25.84o) = 8 + j3.88 MVA
Snew = Scap + Sold Scap = Snew − Sold = −2.12 j MVA
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Frequency Characteristics
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What is Vo as a function of VI?

Voltage divider:
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Frequency Characteristics

Vo =
1

1 + sRC
VI

Input output relation is a function of frequency.
The input and output have the same frequency, but a different 
magnitude and phase. 
(This is a fundamental property of linear circuits.)
We define the transfer function:

H(s) =
Vo

VI

=
1

1+ sRC

VI Vo)(sH

Vo = H(s)VI



Frequency Response
At frequency ω:

Vo = H( jω)VI

Vo ∠θo = H( jω)∠θh( ) VI ∠θI( )
Vo ∠θo = H( jω) VI ∠θI + θh

)cos()( II tAtv θω +=
)(sH vo(t) = AH( jω) cos(ωt + θI + ∠H( jω))

Same frequency ω.
Amplitude is multiplied by |H(jω)|.
Phase is shifted by the angle of |H(jω)|.
H(s) is not a phasor!



Network Function

In general:
)(tx

)(sH
)(ty

x(t) may be an input voltage or current.
y(t) may be a voltage at the “output” node or a branch
current. 
This leads to four types of network transfer functions.



Network Function

(1) x(t)=i(t);  y(t)=v(t)

)()( ss ZH =

)()()( sss IHV =);()()( sss XHY =

Note: in this case Z(s) is a transfer impedance, 
not a driving point impedance.

(2) x(t)=v(t);  y(t)=i(t)

   H(s)

)()()( sss VHI =);()()( sss XHY =

is a transfer admittance.

(3) x(t)=vi(t);  y(t)=vo(t)

)()( ss VGH =

)()()( sss Io VHV =);()()( sss XHY =

Note: GV(s) is a voltage gain.



Network Function

(4) x(t)=ii(t);  y(t)=io(t)

)()( ss IGH =

)()()( sss Io IHI =);()()( sss XHY =

Note: GI(s) is a current gain.



Example 1

Find the transfer admittance I2(s)/V1(s) and the voltage 
gain V2(s)/V1(s) for the network provided below.

V1 (s) +- L

R1

V2

C

R2

−

+
I2

I1 I2

R1I1 (s) + sL I1 (s) − I2(s)( )= V1 (s)

Mesh equations:

sL I2(s) − I1 (s)( )+
I2(s)
sC

+ R2I2(s) = 0



Example 1

(R1 + sL)I1 (s) − sLI2(s) = V1 (s)

−sLI1 (s) + R2 + sL +
1

sC
 
 

 
 
I2(s) = 0

Solve for I2:

I1 (s) =
1
sL

R2 + sL +
1

sC
 
 

 
 
I2(s)

Substituting into 

(R1 + sL)
sL

R2 + sL +
1

sC
 
 

 
 
I2(s) − sLI2(s) = V1 (s)



Example 1

I2(s) =
sLV1 (s)

(R1 + sL) R2 + sL +
1

sC
 
 

 
 

− s2L2

(R1 + sL)
sL

R2 + sL +
1

sC
 
 

 
 
I2(s) − sLI2(s) = V1 (s)

V2(s) =
R2LCs2V1 (s)

(R1 + R2)LCs2 + (L + R1R2C)s + R1

I2(s) =
LCs2V1 (s)

(R1 + R2)LCs2 + (L + R1R2C)s + R1



Example 1

Gv (s) =
V2(s)
V1 (s)

=
R2LCs2

(R1 + R2)LCs2 + (L + R1R2C)s + R1

Y(s) =
I2(s)
V1 (s)

=
LCs2

(R1 + R2)LCs2 + (L + R1R2C)s + R1

Transfer admittance:

Voltage gain:



Example 2: Integrator
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KCL in time domain
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Assuming zero initial conditions.



Example 2: Integrator
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KCL in frequency domain
VI(s)

R
+ sCVo (s) = 0

(Assuming zero initial conditions)

Vo (s) = −
1

sRC
VI(s)

Division by s is equivalent to integration



Example 3: Differentiator
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Example 3: Differentiator

+

-

L
R

)(sIV +-
)(soV

KCL in frequency domain
VI(s)

R
+

Vo (s)
sL

= 0

(Assuming zero initial conditions)

Multiplication by s is equivalent to differentiation

Vo (s) = −
sL
R

VI(s)


