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ANALYTICAL MECHANICS, CIVE 281 
Solution to Assignment No. 1 

 
 
1.  The motion of a particle is defined by the position vector  
 
   ( ) ( ) j i r tttAtttA  cossin sin  cos −++= ,  
 
where t is expressed in seconds. Determine the values of t for which the position vector and 
the acceleration vector (a) perpendicular, (b) parallel. (B. & J. 11.93) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Solution: 
 
Position vector,  ( ) ( ) j i r tttAtttA  cossin sin  cos −++=  

Velocity vector, v
r =

dt

d
 ( ) ( ) j i ttttAttttA  cossin  cossin  cossin −++++−=  

  ( ) ( ) j i ttAttA sin  cos +=  

Acceleration vector, ( ) ( ) j i a
v

tttAtttA
dt

d
sin  cos cossin +++−==  

 
 
(a)  For the position vector, r and acceleration vector, a to be perpendicular,  
 
 0=⋅ ar  
  
 Definition of dot product of two vectors 
 zzyyxx BABABA ++=⋅ BA   

 
 ( ) ( )[ ] ( ) ( )[ ] 0sin  cos cossin  cossin sin  cos =+++−⋅−++ j i j i tttAtttAtttAtttA  
 

O 

P 

y 

x P0 
A 

r 

Fig. P11.93 
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 ( )( ) ( )( )[ ] 0sin  cos cossin  cossin sin  cos2 =+−++−+ ttttttttttttA  
 

 ( )( ) ( )( ) 0sin  cos cossin  cossin sin  cos =+−++−+ tttttttttttt  
 

 ( ) ( ) 0 cossin sincos cossin  cossin cossin cossin 222222 =−+−+++−− tttttttttttttttttt  
 

 0sincoscossin 222222 =+−+− tttttt  
 

 ( ) ( ) 0cos1sin1 2222 =−+− tttt  
 

 ( )( ) 0cossin1 222 =+− ttt  
 

 
 Trigonometric pythagorean identity 
 1cossin 22 =+ tt  
 
 

 Therefore,  01 2 =− t  
 

  12 =t  
 

  t = 1 s 
 
 
(b)  For the position vector, r and acceleration vector, a to be perpendicular,  
 
 0=× ar  
  
 Definition of cross product of two vectors 

 ( ) ( ) ( )xyyxzxxzyzzy

zyx

zyx BABAˆBABAˆBABAˆ

BBB

AAA

ˆˆˆ

−+−+−==× kji

kji

BA  

 
 ( ) ( )[ ] ( ) ( )[ ] 0sin  cos cossin  cossin sin  cos =+++−×−++ j i j i tttAtttAtttAtttA  
 

 ( )( ) ( )( )[ ] 0 cossin  cossin sin  cossin  cos 22 =+−−−++ k ˆttttttAttttttA  
 

 ( )[ ] 0cos cossin  cossin sinsin cossin  cossin cos 2222222 =−++−−+++ k ˆttttttttttttttttttA   
 

 ( ) 0cos2sin2 22 =+ k ˆtttt  
 

 ( ) 0cossin2 22 =+ k ˆttt  
 

 02 =t  
  

 t = 0 
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2.  At a general time t, a particle has an acceleration 
    

   ( )k jia ˆtˆtˆe t 3 cos634 22 ++= −  
 

If this particle starts from the origin at t = 0 with a velocity of ĵ2 , find its velocity and position 
at a general time t. 
 
Solution: 

Acceleration vector, ( )kji
v

a ˆtˆtˆe
dt

d t 3 cos634 22 ++== −  

Since the acceleration is a given function of t, integration of the above function corresponding 
to the initial conditions t = 0 and v = v0 and upper limits corresponding to t = t and v = v will 
yield the velocity vector, v in terms of t (component by component time integration as in 
Section 11.11 B. & J.). 
 

  ( )( )dtˆtˆtˆed
t t
∫∫ ++= −

0

22 3 cos634
0

kjiv
v

v
 

 

  ( )( ) ( )ikjivv ˆˆtˆtˆe t 23sin 22 32
0 −−++−=− −  

 

Substituting velocity vector at time t = 0, jv 2̂0 =  yields,  
 

  ( )( ) ( )ikjijv ˆˆtˆtˆeˆ t 23sin 222 32 −−++−=− −  
 
  

Velocity vector, ( ) ( ) ( )kj i v ˆtˆtˆe t  3sin 2222 32 +++−= −  

 
 
Similarly, integrating the velocity vector, v with respect to t, will yield the position vector, r 
with respect to the origin, r0 
 

  ( ) ( ) ( )kj i 
r

v ˆtˆtˆe
dt

d t  3sin 2222 32 +++−== −  
 

  ( ) ( ) ( )[ ]dtˆtˆtˆed
t t
∫∫ +++−= −

0

32   3sin 2222 
0

kj i r
r

r
 

 

  ( ) ( ) 






 −







−








+++=− − ki-kj i rr ˆˆˆtˆt

tˆet t

3
2

 3 cos
3
2

2
4

2
4

2
0  

 

When t = 0, r0 = 0. Therefore, position vector from the origin,  
 

 ( ) ( )( ) 







−+








+++−= − kj i r ˆtˆt

tˆet t  3 cos1
3

2
2

4
12

4
2  
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3. At a general time t, a particle has position 
 

  kjir ˆtˆtˆt 23 32 3 ++=  
 
in which r is in m and t in s. Find at t = 1 s, the following: 
(i) velocity and acceleration vectors in Cartesian coordinates 
(ii) unit tangent vector to path τ̂  
(iii) tangential component of acceleration τa  

(iv) normal component of acceleration na  

(v) radius of curvature of path ρ  
(vi) unit normal vector n̂  
 
Solution: 
 

(i) Position vector,  kjir ˆtˆtˆt 23 32 3 ++=  
 

Velocity vector, v
r =

dt

d
 kji ˆtˆtˆ  66 3 2 ++=  

 

Acceleration vector, kja
v ˆˆt

dt

d
 6 12 +==  

 
Therefore, at t = 1 s, 

Position vector,  ( )kjir ˆˆˆ  32 3 ++=  m 
 

Velocity vector, v
r =

dt

d
 ( )kji ˆˆˆ  6 6 3 ++=  m/s 

 

Acceleration vector, ( )kja
v ˆˆ

dt

d
 6 12 +==  m/s2 

 

(ii) Velocity scalar,  9663 222222 =++=++= zyx vvvv m/s 

Unit tangent vector to path  k j i 
v ˆˆˆ
v

τ̂ 






+






+






==
9

6

9

6

9

3
 

 k j i ˆˆˆτ̂
3

2

3

2

3

1 ++=  

 
(iii) Tangential component of acceleration ττ ˆa ⋅= a  

 ( ) 






 ++⋅+= k j i kj ˆˆˆˆˆa
3

2

3

2

3

1
 6 12τ  

 






 ×+






 ×=
3

2
6

3

2
 12τa  

 12=τa m/s2 
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(iv) Normal component of acceleration 22

tn aa −= a  

 ( ) 2
2

22 12612 −+=na  

 6=na m/s2 

 

(v) Radius of curvature of path 
na

v2

=ρ  

 
6

92

=ρ  

 513.=ρ m 
 
(vi) Since  na ˆaˆa n+= ττ  

Unit normal vector  
na

ˆa
ˆ

ττ−= a
n  

 
( )

6
3

2

3

2

3

1
12 6 12 







 ++−+
=

k j i kj
n

ˆˆˆˆˆ

ˆ  

 k j i n ˆˆˆˆ
3

1

3

2

3

2 −+−=  

 
 
4. At a given instant in an airplane race, airplane A is flying horizontally in a straight line, and 
its speed is being increased at a rate of 6 m/s2. Airplane B is flying at the same altitude as 
airplane A and, as it rounds a pylon, is following a circular path of 200-m radius. Knowing 
that at the given instant the speed of B is being decreased at the rate of 2 m/s2, determine, for 
the positions shown, (a) the velocity of B relative to A, (b) the acceleration of B relative to A. 
(B. & J. 11.141) 
 
 
 
 
 
 
 
 
 
 
 
 
Solution: 
(a)  Velocity of A, ( )iv ˆ

A  420= km/h  

 Velocity of B, ( )j i v ˆˆ
B

oo 60sin  52060 cos 520 −= km/h 

Fig. P11.141 
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Eqn. 11.33 (B. & J.) 

ABAB vvv +=    

ABAB vvv −=  

( ) ij i v ˆˆˆ
AB  42060sin  52060 cos 520 −−= oo  

j i v ˆ.ˆ
AB 33450160 −−=  

22 33450160 .AB +=v  

91477.AB =v  km/h 

 
and the angle between ABv  and the x-axis is 

 
( )

AB

xAB

v

v
=θcos  

 
91477

160
cos

.
=θ  

 o4470.=θ  
 
Therefore, the velocity of B relative to A, 91477.AB =v  km/h         o4470.  

 

(b) Acceleration of A, =Aa î 6  

 Tangential acceleration component of B, ( )τBa ( )ji ˆˆ oo 03 cos30sin 2 +−=  

 Normal acceleration component of B,  ( ) 32104
200

44144 22

.
.vB

nB ===
ρ

a m/s2         o30  

  ( ) ( )jia ˆˆ.nB
oo 30sin30cos32104 −−=  

Eqn. 11.34 (B. & J.) 
 ABAB aaa +=   

 ABa  AB aa −=  

 ABa  ( ) ( )[ ] AnBB aaa −+= τ  

 ABa  ( ) ( ) ijiji ˆˆˆ.ˆˆ  630sin30cos3210430 cos03sin 2 −−−++−= oooo  

 ABa  ( )ji ˆ.ˆ.  4350 3497 −−=  m/s2 

 

Therefore, 6310943503497 22 ...a AB =+=  m/s2 

  
3497

4350
tan

.

.=θ  

  o3927.=θ  
  63109.AB =a  m/s2         o3927.  
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5. The two-dimensional motion of a particle is defined by the relations 
θθ  cossin 

1

−
=r  and 

2

1
1tan 

t
+=θ , where r  and θ  are expressed in meters and radians, respectively, and t is 

expressed in seconds. Determine (a) the magnitudes of the velocity and acceleration at any 
instant, (b) the radius of curvature of the path. What conclusion can you draw regarding the 
path of the particle? (B. & J. 11.166) 
 
Solution: 
 
The polar coordinates  r  and θ  can be converted to the Cartesian coordinates x and y, 
 
 
 x = r cos θ 
 y = r sin θ 

 θtan=
x

y
 

 
 
 
 
 
 
 
Therefore, the distance can be written as 

 r  
θθ  cossin 

1

−
=  

 
Substituting sin θ and cos θ, 

 r  

r

x

r

y −
= 1

 

  
xy

r

−
=  

Thus, 
 1=− xy  
 1+= xy   (1) 
 
And the angle is 

 
2

1
1tan

t
+=θ  

Substituting 
x

y=θtan , 

y 

x 

r 

r cosθ 

r sinθ 

θ 
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2

1
1

tx

y +=  (2) 

 
Substituting (1) into (2), to obtain x-coordinate 

 
2

1
1

1

tx

x +=+
 

 
2

1
t

x
xx +=+  

 1
2

=
t

x
 

 2tx =  
 
And the y-coordinate, 

 
2

1
1

tx

y +=  

 
2

1
1

1 ty

y +=
−

 

 ( ) 






 +−= 2

1
11

t
yy  

 
22

1
1

tt

y
yy −+−=  

 
22

1
1

tt

y +=  

 12 += ty  
 
(a) Position vector,  ( ) 1  22 += t,tr  

Velocity vector,  ( ) 2 2 t,t
dt

d == r
v  

Magnitude of velocity, ( ) ( ) 2222 22 tttv =+=  

Acceleration vector,  ( ) 2 2 ,
dt

d == v
a  

Magnitude of acceleration, 2222 22 =+=a  
 
(b) Since 1+= xy  is a linear equation, the radius of curvature of the path, ∞=ρ  
 
The particle is moving in a straight line. 
 
 
 
 


