ANALYTICAL MECHANICS, CIVE 281
Solution to Assignment No. 1

1. Themotion of aparticle is defined by the position vector
r = Alcost +tsint)i + A(sint —tcost)j,

wheret is expressed in seconds. Determine the values of t for which the position vector and
the acceleration vector (@) perpendicular, (b) parale. (B. & J. 11.93)

Fig. P11.93
Solution:
Position vector, r = Alcost +tsint)i + A(sint — tcost) j
Velocity vector, % =v = A(-sint +tcost +sint)i + Alcost +tsint — cost) |
= Altcost)i + Altsint) j
Accel eration vector, % =a= A(-tsint +cost)i + Altcost +sint)j

(a) For the position vector, r and acceleration vector, a to be perpendicular,

rfa=0

Definition of dot product of two vectors
AB=AB +AB, +AB,

[Acost +tsint)i + A(sint —tcost) | (JA(- tsint + cost)i + Altcost +sint)j] =0



A?[(cost +tsint)(~tsint +cost) + (sint — tcost )(tcost +sint)] =0

(cost +tsint)(~tsint + cost) + (sint — tcost(tcost + sint) =0

(— tsintcost —t’sin’t + cos’t +tsin tcost)+ (tsin tcost —t*cos’t +sin’t —tsin tcost) =0
—t’sin’t + cos’t —t’cos’t +sin’t =0

[L-t2kin’t +(1-t?)cos’t =0

(L-t2)sin’t +cos’t)=0

Trigonometric pythagorean identity
sin’t +cos’t =1

Therefore, 1-t2=0

(b) For the position vector, r and acceleration vector, a to be perpendicular,

rxa=0

Definition of cross product of two vectors
ik

J
AxB=|A A Al=i(AB,-AB)+i(AB,-AB,)+k(AB, -AB,)
B, B,

W > =

z

[A(cost +tsint)i + A(sint —tcost) j| x[A(-tsint + cost)i + Altcost +sint)j] =0

| A%(cost +tsint)(tcost +sint) - A2(sint —tcost)(-tsint + cost)]k = 0

Az[tcoszt +t’sintcost +sintcost +tsin® - (— tsin’t +t?sin tcost + sin tcost —tcoszt)]R =0
(2tsi n’ + 2tcoszt)R =0

2t(sin2t + coszt)R =0

2t=0

t=0



2. Atagenera timet, aparticle has an acceleration

A

a=4e?i + 3t + 6cos(3t)k

If this particle starts from the origin at t = 0 with avelocity of 2] , find its velocity and position
at agenera timet.

Solution:

Acceleration vector, a= % = 4% + 37 + 6cos (3t)k

Since the acceleration is agiven function of t, integration of the above function corresponding
totheinitial conditionst =0 and v = v and upper limits correspondingtot =t and v = v will
yield the velocity vector, v in terms of t (component by component time integration asin
Section 11.11 B. & J.).

Vvdv = E(4e‘2pi +3t%) + GCos(3t)R)dt
V-V, = (— 267 +t% + 2sin (3t)R)— (— 2Ai)

Substituting velocity vector at timet =0, v, = 2] yields,

v-2j = -2 +t% + 2sin (3)k ) - (- 21)

Velocity vector, v =(2-2e )i +(t° + 2Jj + 2sin (3t)k

Similarly, integrating the velocity vector, v with respect to t, will yield the position vector, r
with respect to the origin, ro

=%=(2—2e‘2‘)?+(t3+2)]'+2sin(3t)R
" = ['|(2-2e )i+ + 2)j + 25in (2t) k]t
o= rrem e[ B o] - 2 cos(@)R _(f_?j
r ro—[(2t+e )I+[4+2’[Jj 3cos(3t)k} [ 3k
Whent =0, ro = 0. Therefore, position vector from the origin,

f= {(Zt ~1+e? i+ (% ¥ ZtJ] +§(1- 008(3t))k}




3. Atagenera timet, aparticle has position
r =3t +2t% + 3%k

inwhichrisinmandtins. Findatt =1, thefollowing:

(i) velocity and acceleration vectors in Cartesian coordinates
(i) unit tangent vector to path 7

(iii) tangential component of acceleration a,

(iv) normal component of acceleration a,

(v) radiusof curvature of path p

(vi) unit normal vector n

Solution:

(i) Position vector,  r =37 +2t% + 3%k

dr

Velocity vector, ot =v =3i +6t% +6tk
. dv ~ ~
Acceleration vector, a:a:12tj +6k

Therefore, att=1s,
Position vector, r= (3i +2j +3k) m

Ve ocity vector, dr =v = (3Ai + 6] + GR) m/s

= a=(12] + 6k ) m/?

dt
. dv
Acceleration vector, E

(ii) Velocity scalar, v:\/vf +Vo + V2 =32 +6% +62 =9m/s

Unit tangent vector to path 7 =~ = [SJ] +(gj] + [gjk

(iii) Tangential component of acceleration a, =alf

a ~ 1~ 2~ 2+~
=\12j+6k Zi+=j+=k
& ( J )Eﬁ3 3J 3 j

e

a =12m/s



(iv) Normal component of acceleration a, = /| — &

a, = \/(\/122 +62)2 -12?

a, =6m/s’
V2
(v) Radius of curvature of path p =—
:
6
p=135m
(vi) Since a=a, 7 +an
Unit normal vector = 2= 2"
a,
(12] +6R)—12[1i +2] +2@j
~A 3 3
n=
6
h=-27+25-1k
3 3 3

4. At agiven instant in an airplane race, airplane A isflying horizontally in astraight line, and
its speed is being increased at arate of 6 m/s”. Airplane B is flying at the same altitude as
airplane A and, asit rounds apylon, is following a circular path of 200-m radius. Knowing
that at the given instant the speed of B is being decreased at the rate of 2 m/s?, determine, for
the positions shown, (a) the velocity of B relativeto A, (b) the acceleration of B relativeto A.

(B. & J. 11.141)

Solution:

i 300 m
— — —
1200 knvl '}H‘\ﬁ B
.:qf,."
200 m ,&
BT AP
7} 30° \
.IJ =0 il
/a0 A
. /
Fig. P11.141 e

(8) Velocity of A, v,, = (4201 Jkm/h
Velocity of B, v, = (520c0s60° | ~520sin 60° j Jkmvh



Eqn. 11.33 (B. & J.)

Vg =Vt Ve/a

Vga=Vg ~Va

Vg n = (52000601 ~520sin 60 )~ 4201
Vg a = —160i - 450.33]

[V a| = 1607 + 450.33°

[Vl =477.91 km/h

and the angle between v, and the x-axisis
(VB/A)X

Va/a

cosd =

Therefore, the velocity of B relativeto A, vy, =477.91 km/h > 70.44°

(b) Accelerationof A, a, = 6i
Tangential acceleration component of B, (a,), = 2(~sin 30"} +cos30°j)
Normal acceleration component of B, (ag), = Ve % =104.32m/s" & 30°
(8,), =104.32(- cos30° - sin30°]j)
Eqn. 11.34 (B. & J)
dg =a, T ag),
Aga =85 A,
Ag/p = [(aB )r + (aB )n] —ap
8y = 2(-sin30°1 +c0s30°])+104.32(~ cos30°i - sin30°} ) - 61
8y = (-97.341 -50.43]) m/s®

Therefore, ay, =+97.34? +50.43? =109.63 m/s’

0 =27.39
Ay, =109.63 M/’ 2 27.39°



1

5. The two-dimensional motion of a particle is defined by the relations r =———— and

singd—-cos@

tan @ =1+i2 , Where r and 6 are expressed in meters and radians, respectively, and tis
t

expressed in seconds. Determine (a) the magnitudes of the velocity and acceleration at any
instant, (b) the radius of curvature of the path. What conclusion can you draw regarding the

path of the particle? (B. & J. 11.166)

Solution:

The polar coordinates r and & can be converted to the Cartesian coordinates x and y,

Yi

rsind

17 - R
r cosé@ X

Therefore, the distance can be written as
A S
sin@-cos@d

Substituting sin and cos 6,
r= !

y_X

r

-

Andtheangleis

tan6’=1+i2
t

Substituting tand = Y ,
X

X=r cos @
y=rsné

=tand

% |<

1)



+ 1 @

X <
I
H

~—~+

Substituting (1) into (2), to obtain x-coordinate

(a) Position vector, r = (tz,t2 +1)

Velocity vector, v =% =(2t,2t)

Magnitude of velocity, v =+/(2t)” +(2t)° = 2t/2

Acceleration vector, a= % =(2,2)

Magnitude of acceleration, a = W =22

(b) Since y = x+1 isalinear equation, the radius of curvature of the path, o =

The particle is moving in astraight line.



